Spectra of Ruelle transfer operators for Axiom A flows on basic sets 



Luchezar Stoyanov 

Abstract. For Axiom A flows on basic sets satisfying certain additional conditions we prove strong spectral 
estimates for Ruelle transfer operators similar to these of Dolgopyat |D2) for geodesic flows on compact surfaces 
(for general potentials) and transitive Anosov flows on compact manifolds with jointly non-integrable horocycle 
foliations (for the Sinai-Bowen- Ruelle potential). Here we deal with general potentials. As is now well known, such 
results have deep implications in some related areas, e.g. in studying analytic properties of Ruelle zeta functions and 
partial differential operators, closed orbit counting functions, decay of correlations for Holder continuous potentials. 
The situation considered here is much more difficult than that in |D2) since in general the local geometry of the 
basic set, especially in higher dimensions, can be rather complicated. In fact, in higher dimensions even the Anosov 
case for general potentials presents substantial difflculties. 

1 Introduction 

1.1 Introduction and main results 

Let (fit '■ M — > M be a Axiom A flow on a complete (not necessarily compact) Riemann 
manifold M and let A be a basic set for (f)f Let || • || be the norm on TxM determined by the 
Riemann metric on M and let E'^{x) and E^{x) {x € A) be the tangent spaces to the strong 
unstable and stable manifolds W^{x) and W^{x), respectively (see Sect. 2). For any x E A, 
T > and (5 G (0, e] set 

BUx,6) = {ye W:'{x) : d{Mx),My)) <S , < t < T} . 

We will say that cpt has a regular distortion along unstable manifolds over the basic set A if 
there exists a constant eo > with the following properties: 

(a) For any < 5 < e < eo there exists a constant R = R{6, e) > such that 
(LI) diam(AnS:^(z,e)) < i?diam(A n S^(z, 5)) 

for any z G A and any T > 0. 

(b) For any e € (0, eo] and any p € (0,1) there exists 5 € (0, e] such that for any z G A and 
any T > we have diam(A n B^{z, S)) < p diam(A n B'^{z, e)) . 

Part (a) of the above condition resembles the Second Volume Lemma of Bowen and Ruelle 
|BR) about balls in Bowen's metric; this time however we deal with diameters instead of volumes. 
In Sect. 8 below we describe a rather general class of flows on basic sets satisfying this condition. 
There are reasons to believe that this may actually hold for all flows on basic sets - see the 
comments at the end of this subsection. 

In this paper we deal with flows <j)t over basic sets A having a regular distortion along unstable 
manifolds. Apart from that, in the main result below we impose an additional condition on (pt 
and A, called the local non-integrability condition (LNIC); it is stated in Sect. 2 below. Let us just 
mention here that this condition is weaker than the uniform non-integrability condition (UNI) of 
Chernov |Chl| and Dolgopyat |D2| . and it is always satisfled e.g. for contact flows that are either 
Anosov (i.e. A = M), or have one-dimensional (un)stable manifolds (see Sect. 8 below). One 
would expect that (LNIC) is satisfied in most interesting cases. For example, it was shown in [St2) 
that open billiard flows (in any dimension) with (un)stable laminations over the non-wandering 
set A always satisfy (LNIC). 



Let TZ = {Ri}^^i be a Markov family for 4>t over A consisting of rectangles Ri = 
where Ui (resp. S-j) are (admissible) subsets of W^{zi) n A (resp. W^{zi) n A) for some e > and 
Zi ^ A. (cf. Sect. 2. for details). Assuming that the local stable and unstable laminations over A are 
Lipschitz, the first return time function t : R = U^^^i?j — > [0, oo) and the standard Poincare map 
V : R — > R are (essentially) Lipschitz. Setting U = U^^^^f/j, the shift map a : U — > U is defined 
by <T = poV, where p : R — > U is the projection along the leaves of local stable manifolds. Let U 
be the set of all n € f7 whose orbits do not have common points with the boundary of R (see Sect. 
2). Given a Lipschitz real- valued function / on U, set g = Qf = f — Pt, where P = Pj G M is the 
unique number such that the topological pressure Pro- (5) of g with respect to a is zero (cf. e.g. 
[PP] ). For a,b £R, one defines the Ruelle transfer operator Lg_^a+ib)T ■ C^^^{U) — > C^^^{U) in 
the usual way (cf. Sect. 2). Here C'^'P{U) is the space of Lipschitz functions g : U — > C. By 
Lip(5) we denote the Lipschitz constant of g and by \\g\\o the standard sup norm of g on U. 

We will say that the Ruelle transfer operators related to the function f on U are eventually 
contracting if for every e > there exist constants 0<p<l, ao>0 and C > such that if 
a,6 € M satisfy \a\ < oq and |6| > 1/ao; then for every integer m > and every h G C^^^{U) we 
have 

\\Ly_(^p^+a+ib)THUp,b <C ||/l||Lip,b , 

where the norm ||.||Lip,b on C''^^P(f7) is defined by ||/i||Lip,fe = ll^llo + ■ This implies in 

particular that the spectral radius of Lj_(p^+a+ib)T- on C^^P(C/) does not exceed p. 
Our main result in this paper is the following. 

Theorem 1.1. Let (pt : M — > M be a C'^ Axiom A flow on a complete Riemann manifold 
satisfying the condition (LNIC) and having a regular distortion along unstable manifolds over a 
basic set A. Assume in addition that the local holonomy maps along stable laminations through A 
are uniformly Lipschitz. Then for any Lipschitz real-valued function f on U the Ruelle transfer 
operators related to f are eventually contracting. 

We refer the reader to Sect. 2 below for the definition of holonomy maps. It is known that the 
uniform Lipschitzness of the local stable holonomy maps can be derived from certain bunching 
condition concerning the rates of expansion/contraction of the fiow along local unstable/stable 
manifolds over A (see |H^ . [Ha2] . (PSWj). 

It should be mentioned that some kind of a non-inegrability assumption is necessary for results 
like Theorem 1.1 (and Corollary 1.2). Indeed, Pollicott |Po] and Ruelle [R2j have constructed 
examples of Axiom A fiows with jointly integrable stable and unstable laminations for which the 
statements of Corollaries 1.4 and 1.5 below (and therefore that of Theorem 1.1 as well) do not 
hold. As one can see in Sect. 2 below, (LNIC) is a rather weak non-integrability condition. 
Moreover, in the contact case it follows from another condition (see (ND) in Sect. 9 below) which 
looks rather natural and is always satisfied for Anosov flows. 

It follows from Theorem 7.1 below that a fiow with one-dimensional unstable laminations over 
a basic set A always has a regular distortion along unstable manifolds. Moreover, if such a fiow 
is Anosov or contact, it always satisfies (LNIC) (see Proposition 9.1 below). Thus, we get the 
following immediate consequence of Theorem 1.1. 

Corollary 1.2. Let (pt : M — > M be a flow on a Riemann manifold and let A be a basic 
set for (pt such that the stable and unstable laminations over A are one- dimensional. Assume in 
addition one of the following: (i) the flow is contact, or (ii) the flow is Anosov and the stable and 
unstable laminations over A are jointly non-integrable. Then the Ruelle transfer operators related 
to any Lipschitz real-valued function f on U are eventually contracting. 
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The above was first proved by Dolgopyat ( |D1| . |D2j ) in the case of geodesic flows on compact 
surfaces. The second main result in [D2] concerns transitive Anosov flows on compact Riemann 
manifolds with jointly non-integrable local stable and unstable foliations. For such flows 
Dolgopyat proved that the conclusion of Theorem 1.1 holds for the Sinai-Bowen-Ruelle potential 
/ = logdet((i(/)T-)|£;u. Theorem 1.1 appears to be first result of this kind that works for any 
potential and in any dimensioE0. 

For contact Anosov flows in any dimension (LNIC) is always satisfled (see Proposition 9.1 
below), so the following is also an immediate consequence of Theorem 1.1. 

Corollary 1.3. Let cpt ■ M — > M he a C"^ contact Anosov flow on a compact Riemann manifold 
having a regular distortion along unstable manifolds over M and such that the local holonomy maps 
along stable laminations through A are uniformly Lipschitz. Then the Ruelle transfer operators 
related to any Lipschitz real-valued function f on U are eventually contracting. 

Using a smoothing procedure as in [D2j (see also Corollary 3.3 in |Stlj ). an estimate similar to 
that in Theorem 1.1 holds for the Ruelle operator acting on the space J-^(U) of Holder continuous 
functions with respect to an appropriate norm || • H-y,;,,;/. 

Using Theorem 1.1 and an argument of Pollicott and Sharp |PoSl| one derives valuable in- 
formation about the Ruelle zeta function ({s) = Y\^{1 — e~''^^'^'^)~^ , where 7 runs over the set 
of primitive closed orbits of i;^^ : A — > A and £(7) is the least period of 7. In what follows hj- 
denotes the topological entropy of (j)t on A. 

Corollary 1.4. Under the assumptions in Theorem 1.1, Corollary 1.2 or Corollary 1.3, the zeta 
function C,{s) of the flow (j)t : A — > A has an analytic and non-vanishing continuation in a half- 
plane Re(s) > Co for some cq < /it except for a simple pole at s = hx. Moreover, there exists 
c G (0, hr) such that 

vr(A) = #{7 : ^(7) < A} = n(e'^-^) + 0(e^^) 



du X 

as X ^ 00, where li(x) = / ~ as x ^ 00. 

J 2 log u log X 



As another consequence of Theorem 1.1 and the procedure described in |D2] one gets expo- 
nential decay of correlations for the flow (pt ■ A — > A. 

Given a > denote by J^o(A) the set of Holder continuous functions with Holder exponent a 
and by \\h\\a the Holder constant of /i € J-a{A). 

Corollary 1.5. Under the assumptions in Theorem 1.1, Corollary 1.2 or Corollary 1.3, let F 
he a Holder continuous function on A and let vp be the Gibbs measure determined by F on A. 
Assume in addition that the manifold M and the flow (pt are . For every a > there exist 
constants C = C{a) > and c = c{a) > such that 



A{x)B{<j)t{x)) duF{x) - A{x) dvF{x)j yj B{x) dupix) 

for any two functions A,B £ J^q(A). 

There has been a considerable activity in recent times to establish exponential and other types 
of decay of correlations for various kinds of systems with some highly rated results of Chernov 



^Albeit under additional conditions but this appears to be inevitable. 
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pH] . Dolgopyat [Dl], [D2], Liverani [LT], [L2], Young jYT], [Y2]. See also [BSC] . [BaT] . [T], 
pl2] . pTSj. [GLJ, [D3], [FMT] . [Md] . pIY] and the references there. In [L2] Liverani proves 
exponential decay of correlations for contact Anosov flows, and this appears to be the most general 
result of this kind so far. Recently Tsujii [T] obtained finer results for the same kind of flows. It 
should be stressed that in |L2| and [T] (and various other works; see the references there) spectral 
properties of a different kind of transfer operators are studied, namely the operators Ctg = go(l)_^ 
{t E R) acting on functions g on a compact manifold M, (pf being a contact Anosov flow on M. 

The so called Ruelle transfer operators studied here appear to be more difficult to deal with, 
since they are intimately related to geometric properties of the flow (and the basic set A when 
Axiom A flows are considered). On the other hand, spectral results of the kind obtained in 
Theorem 1.1 appear to be much finer and to have a wider and deeper range of applications. 

In [Stlj a modification of the method from |D2| was used to prove an analogue of Corollary 1.2 
above for open billiard flows in the plane. Using similar tools, Naud ^ proved a similar result 
for geodesic flows on convex co-compact hyperbolic surfaces. The results in both [Stl] and [N] 
are special cases of Corollary 1.2. Baladi and Vallee ( [BaV] ) obtained Dolgopyat type estimates 
for transfer operators in the case of a suspension of an interval map. 

It has been well known since Dolgopyat's paper |D2| that strong spectral estimates for Ruelle 
transfer operators as the ones described in Theorem 1.1 lead to deep results concerning zeta 
functions and related topics which are difficult to obtain by other means. For example, such 
estimates were fundamental in [PoSl| . where the statement of Corollary 1.4 was proved for geodesic 
flows on compact surfaces of negative curvature. For the same kind of flows, fine and very 
interesting asymptotic estimates for pairs of closed geodesies were established in |PoS3] . again 
by using the strong spectral estimates in [D2j . For Anosov flows with jointly non-integrable 
horocycle foliations full asymptotic expansions for counting functions similar to '7r(A) however 
with some homological constraints were obtained in [An] and |PoS2| . In |PeS2| Theorem 1.1 
above was used to obtain results similar to these in |PoS3j about correlations for pairs of closed 
billiard trajectories for billiard flows in M" \iir, where K is a finite disjoint union of strictly convex 
compact bodies with smooth boundaries satisfying the so called 'no eclipse condition' (and some 
additional conditions as well). For the same kind of models and using Theorem 1.1 again, a rather 
non-trivial result was established in [PeSlj about analytic continuation of the cut-off resolvent of 
the Dirichlet Laplacian in M" \ K, which appears to be the first of its kind in the field of quantum 
chaotic scattering. It is not clear at all how such a result could be proved without using the strong 
spectral estimates of the kind considered here. 

The main part of this article consists of Sects. 3-5 where Theorem 1.1 is proved. Sect. 2 
contains some basic definitions and facts. The regular distortion along unstable manifolds has 
some natural consequences about diameters of cylinders defined by means of Markov families - 
these are derived in Sect. 3. The essential part of the proof of Theorem 1.1 is in Sects. 4-5. 

In Sects. 6-9 we describe classes of flows over basic sets satisfying the conditions in Theorem 
1.1 Sects. 6 and 7 deal with flows over basic sets satisfying a certain pinching condition (P). In 
Sect. 6 we prove that under this condition the flow <j)t on unstable manifolds is locally conjugate 
to its linearization d(j)t via (local) maps with uniformly bounded derivatives. Linearization via 
a family of homeomorphisms exists in the general case (see Sect. 4 in |PS| ). however it is not clear 
whether one can make it Lipschitz without any additional conditions. The arguments used to 
prove some recent results on smoothness of the linearizing homeomorphism in Hartman-Grobman 
type theorems do not seem to be easily applicable to vector bundles (see |GHR| and the references 
there). The linearization from Sect. 6 is used in Sect. 7 to show that the pinching condition (P) 
implies regular distortion along unstable manifolds. 

A much more general class of flows on basic sets is described in Sect. 8. Here we consider the so 
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called lower unstable pinching condition (LUPC), where a condition similar to (P) is applied only 
to the 'lower part of the spectrum' of the flow on unstable manifolds - the rest of the spectrum is 
arbitrary except that it should be uniformly separated from the lower part. Under this conditionH 
we use slight modifications of the arguments from Sects. 6 and 7 to derive regular distortion 
along unstable manifolds. It should be stressed that the central part of the arguments in Sects. 
7 and 8 is to prove a local version of regular distortion along unstable manifolds, where e.g. (1.1) 
is satisfied at a single point z G A (with a constant R = R{z, 5, e) depending on z as well) - see 
Lemma 7.2 below. It is not difficult to see (using a variation of the arguments in Sects. 6-8) that 
a similar local result can be proved at Lyapunov regular points z € A for any flow on any basic 
selH. It is not yet clear how one can get a uniform global result over A from such local results. 

In Sect. 9 we compare several non-integrability conditions, while Appendix A contains the 
proofs of some technical lemmas from Sects. 3-7. Finally, in Appendix B we prove Lemma 8.4 
(the central point in Sect. 8) by using rather easy modifications of arguments from Sects. 6, 7. 

1.2 Comments on the proof of the main result 

In the proof of Theorem 1.1 we use the general framework of Dolgopyat's method from |D1| , 
[D2j and its modification in [Stlj . however a significant new development is necessary. The main 
difficulty comes from the fact that very little is known about the (geometric) structure of the set 
A. For general potentials / the original method in |D2| was only applied to geodesic flows on 
surfaces. It requires much more sophisticated arguments to deal with general potentials for flows 
on higher-dimensional spaces, especially when the flow is considered over a basic set (possibly 
with a rather complicated fractal structure) rather than on a nice smooth compact manifold. 

In this subsection we make some general remarks about the main points in the proof of 
Theorem 1.1. Given / G C^''P{U), one wants to show that large powers of the Ruelle transfer 
operator Lr = -^^/-(p^+a+ib)T contracting for small a G M and large 6 G M. For any integer 
> we have 

(1.2) L^hix)= Yl e''"^"^%), 

where rN{y) = r{y) + r{a{y)) + . . . + r{a^~^{y)). One of the main steps in |D2] is to define 
appropriately inverses vi,V2 ■ Uq — > U of cr^, i.e. a^{vi{x)) = x for x in some 'small' open 
subset Uq of U. For these one ultimetely shows that for large N there exists A G (0, 1) such that 

(1.3) le^^^'^i^^)) h{vi{x)) + e'^^^^^W) h{v2(x))\ < X [\e''^'-''^^''^'>\h{vi{x)) + je'^^^^^ | /^(^^(x))] 

for small \a\ and large |6| (of magnitude depending on A^) and h G C^{U) with h > 0, \\h\\ < Const , 
\\dh\\ < Const |6|. This leads to a similar estimate for the whole sum in (1.2). To make this 
cancellation mechanisir0 work for general complex- valued functions h, one uses estimates involving 
J\fj\h\, where {A/j} is a finite family of specially defined operators acting on positive functions in 
C^{U) with bounded logarithmic derivatives. One of the main features of Dolgopyat's operators 
A/j is that they are L^-contractions with respect to the invariant Gibbs measure z/ determined by 
f — Pt on U, and this is crucial for the proof of the main result. 

The whole procedure is rather more complicated than the above, and we refer the reader 
to Sect. 5 below for more details. It is worth mentioning though that it is the construction 

■^We also assume that the lower part of the spectrum is integrable. 

^Now the role of the 'bottom of the unstable spectrum' is played by the exponential of the least positive Lyapunov 
exponent. 

*To use the words of Liverani [L2] who is using a similar idea. 
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of the inverses vi and V2 of a and the proof of their main properties where the joint non- 
integrabiUty of the stable and unstable families is used. In [D2] this results in finding vector 
fields ei{z), . . . , en{z) defined in a small neighbourhood Uq of a point 20 G C/ so that for large N , 

(1.4) \deArN{vi{u))-TN{v2{u)))\>e , UG^Jo, 

(1.5) \de,{TN{vi{u)) - Tn{v2{u)))\ «€ , i > 1 , U e Uq . 

Notice that e'^^^^^') is the 'tricky' part of the exponential term e''^^^') in (1.2). With (1.4) and (1.5) 
one has that if u,u' G Uq are Ce-close however there is a ce-gap between their first coordinates 
(with respect to the vector field ei) for some constants C > c > 0, then 

(1.6) \[TNiviiu)) - TNiv2iu))] - [TNivi{u')) - Tat (t>2 («'))] | > COnst € . 

This is what lies beneath the proof of (1.2). 

In |Stlj a modification of the above was used to deal with open billiard flows in the plane. 
In this case the unstable manifolds are one-dimensional, so one has just one vector field ei{u), 
however U is a Cantor set, so the construction of vi{u) and V2{u) is non-trivial. One of the main 
difficulties in |Stlj was to show (using specific features of the model) that there exist constants 
C2 > ci > such that for any e > 0, U can be partitioned into intervals of lengths between cie 
and C2e such that successive intervals with common points with A have a gap of a similar size 
between theirH. Then the one-dimensionality of the unstable manifolds allows to construct the 
functions Vi{u) and prove (1.4). Moreover for any of the small intervals Ai in the partition of U 
intersecting A one can find another interval A2 intersecting A with a cie-gap between Ai and A2 
such that (1.6) holds for all u € Ai and all u' G A2. The rest of Dolgopyat's method was not so 
difficult to apply, although extra modifications were necessary to deal with the singularity of the 
Gibbs measures in this case. 

In the present paper the dimension n of the unstable manifolds is arbitrary and the set A 
can be 'anything from a Cantor set to a manifold'. Therefore to construct vector fields ej(n) in 
a neighbourhood Uq of a point zq (z U with (1.4) and (1.5) is meaningless, unless we know that 
there are 'many points' of A in the direction of ei(n) (or 'very close' to it) for a 'large set' of n's 
in Uq. To establish something like this however seems impossible without assuming anything in 
the spirit of the extra condition (LNIC) from Sect. 2 below. With (LNIC), one constructs for 
large iV > a pair of inverses vi{u) and V2{u) of such that the analogue of (1.4) holds on a 
neighbourhood of z with ei replaced by unit vectors a in a cone whose axis is a parallel translate 
of b. The above gives that if Ci and C2 are two cylinders in the vicinity of z of size < 5, for 
some small 5 > 0, that can be 'separated by a plane whose normal is close to 6' (one can make 
sense of this by using some parametrization of U near z), then (1.6) holds for all u G Ci and all 
u' G C2. However, since n > 1 in general, just one direction b does not give enough opportunities 
to separate cylinders. So, one needs to construct a finite number of directions 61, . . . ,bjg tangent 
to A (at various points close to the initial point zq), and for each j = 1, . . . , jo, a pair of inverses 

(u) and V2\u) of defined on some small open subset Uq of U such that 'sufficiently many' 
pairs of cylinders in Uq of size < 6 can be separated by planes each of them having a 'normal 
close to some bj\ and this can be done for all 5 in some interval (0, 5']. This is the content of the 
main Lemma 4.3. 

From Lemma 4.3 and the other constructions in Sect. 4 one gets some analogue of (1.6) involv- 
ing different pairs of inverses v^\u) and V2\u), and this turns out to be enough to implement 
an essentially modified analytic part of Dolgopyat's method. This is done in Sect. 5. Significant 

®The same idea was later used in to deal with limit sets of convex co-compact hyperbolic surfaces. 
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new development is necessary due again to the unknown structure of A. What saves a lot of 
potential extra problems is the fact that we work with a new metric D on U (or rather on the 
subset U of U) defined by means of cylinders. It turns out that this metric fits well with the 
(modified) Dolgopyat operators Afj and makes them work in a truly multidimensional situation. 
Moreover, with this new metric there is no need for the Gibbs measure v to have the so called 
Federer property (see |D2| ). In fact, it is not clear at all whether has this property in the cases 
we consider. 

2 Preliminaries 

Throughout this paper M denotes a complete (not necessarily compact) Riemann manifold, 
and 4>t : M — > M {t £ R) a flow on M. A (^(-invariant closed subset A of M is called 
hyperbolic if A contains no flxed points and there exist constants C > and < A < 1 such 
that there exists a d(j)t-invaiiant decomposition T^M = E^{x) © E^{x) © E^{x) of T^M (x € A) 
into a direct sum of non-zero linear subspaces, where E^{x) is the one-dimensional subspace 
determined by the direction of the flow at x, ||(i</>t(u)|| < C A* ||n|| for all u € E^(x) and t > 0, 
and ||d</>t(n)|| < CA"* ||n|| for all u G £^"(2;) and t < 0. 

The flow (pt is called an Axiom A flow on M if the non-wandering set of (pt is a disjoint union 
of a finite set consisting of fixed hyperbolic points and a compact hyperbolic subset containing 
no fixed points in which the periodic points are dense (see e.g. |KH] ). A non-empty compact 
(/)j-invariant hyperbolic subset A of M which is not a single closed orbit is called a basic set for (pt 
if <j)t is transitive on A and A is locally maximal, i.e. there exists an open neighbourhood y of A 
in M such that A = nfgK0j(y). When M is compact and M itself is a basic set, (pt is called an 
Anosov flow. 

For x E A and a sufficiently small e > let 

W!{x) = {yeM: d{(Pt{x) , Mv)) < e for all t > , d{Mx),My)) ^t^oo } , 

W:'ix) = {yeM: d{Mx) . <Pt{y)) < e for all t < , d{<Pt{x) , <Pt{y)) ^t~,-oo } 

be the (strong) stable and unstable manifolds of size e. Then E'^{x) = TxW^{x) and E^{x) = 
Ta;W^{x). Given 6 > 0, set E'^{x;6) = {u £ E^{x) : \\u\\ < 6}; E^{x;6) is defined similarly. For 
any A C M and / C M denote <piiA) = { (pt{y) : y e A,t £ I }. 

It follows from the hyperbolicity of A that if > is sufficiently small, there exists ei > 
such that if x,7/ G A and d{x,y) < ei, then W^^{x) and '^[-eo,eo](^e" (?/)) intersect at exactly one 
point [x,y] € A (cf. jKHj ). That is, there exists a unique t G [— eojCo] such that cpt{[x,y]) € 
W^^{y). Setting A(x,y) = t, defines the so called temporal distance function ( |KB] . [ChT] . [D2| ) 
which will be used significantly throughout this paper. For x,y € A with d{x,y) < ei, define 
TTyix) = [x,y] = W,%x) n cPi-,,,,,]mM) . Thus, for a fixed y e A, TTy : W ^ 0[_,„,,o](WJ^„(y)) 
is the projection along local stable manifolds defined on a small open neighbourhood 1^ of y in A. 
Choosing ei G (0, eo) sufficiently small, the restriction vr^ : 4'[_^^^^^j{W^^{x)) — > 4'[_^g^^g^{W^^{y)) 
is called a local stable holonomy ma^. Combining such a map with a shift along the fiow we get 
another local stable holonomy map Tlx ■ W^^{x) fi A — > W^^{y) fl A. In a similar way one defines 
local holonomy maps along unstable laminations. 

Given z e A, let exp" : E'^{z;eQ) — > W^g{z) and exp| : E'^{z;eo) — > W^o^z) be the corre- 
sponding exponential maps. A vector b E E^(z) \ {0} will be called tangent to A at z if there exist 

®In a similar way one can define holonomy maps between any two sufficiently close local transversals to stable 
laminations; see e.g. [PSW] . 
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infinite sequences {v'-'^^ C ^"(z) and C M \ {0} such that exp^(t™ ?;("^)) G A n W^{z) for 
aU m, v^"^^ — >■ h and ^ as m ^ oo. It is easy to see that a vector h E E^{z) \ {0} is tangent 
to A at z if there exists a curve 2;(t) (0 < t < a) in W^{z) for some a > with z{0) = z and 
i(0) = 6 such that G A for arbitrarily small t > 0. 

The following is the local non-integrability condition for and A mentioned in Sect. 1. 

(LNIC): There exist zq £ A, sq > and 6q > such that for any i E A n W^^{zq) and any 
tangent vector b G E'^{z) to A at z with \\b\\ = 1 there exist z G A n W^^{zo) arbitrarily close 
to z, y £ A n W^^^{z) \ {z} arbitrarily close to z, 5 = 5{z,y) > and e' = €'{z,y) > such 
that |A(exp"(t!),7r^(z))| > 5 \\v\\ for all z G W^g{zo) DA with d{z,z) < e' and v G E'^{z;e') with 
exp"(u) G A and — ^O; where bz is the parallel translation of b along the geodesic in 

^eoi^o) from z to z. 

It is shown in Sect. 8 below that the uniform non-integrability condition (UNI) of Chernov 
pH] and Dolgopyat [D2] imphes (LNIcfl. 

Given ^ C A we will denote by IntA(^) and d^A the interior and the boundary of the subset A 
of A in the topology of A, and by diam(^) the diameter of A. We will say that A is an admissible 
subset of W^{z)r]A (z G A) if A coincides with the closure of its interior in W^{z) DA. Admissible 
subsets of 14^/(2;) n A are defined similarly. Following [D2j . a subset i? of A will be called a rectangle 
if it has the form R = [U, S] = {[x,y] : x G U,y G S}, where U and S are admissible subsets of 
W^{z) n A and W^{z) n A, respectively, for some z G A. For such R, given ^ = [x,y] G R, set 
= {W,y] : x' G [/} and W^^iO = {[x,y'] : y' e S} C W.^ix). 

Let TZ = {Ri}i=i be a family of rectangles with Ri = [Ui,Si], Ui C W^{zi) n A and Si C 
W^{zi) n A, respectively, for some Zi G A. Set R = yj^^iRi . The family TZ is called complete if 
there exists T > such that for every x G A, (j)t{x) G R for some t G (0, T]. The Poincare map V : 
R — > R related to a complete family TZ is defined by V{x) = ^ where r(x) > is the 

smallest positive time with (p-r^x) i^) £ R- The function r is called the first return time associated 
with TZ. A complete family TZ = of rectangles in A is called a Markov family of size x > 

for the flow <fit if diam(i?j) < x for all i and: (a) for any i ^ j and any x G lntA{Ri)r\V~^{lntA{Rj)) 
we have P(IntA(VF^,(x))) C IntA(T^^^. (^(x))) and V{lntA{W^^{x))) D lntA{W^^{V{x))); (b) for 
any i 7^ j at least one of the sets Ri PI 0[o^;^](i?j) and Rj PI (j)[Q^y.]{Ri) is empty. 

The existence of a Markov family TZ of an arbitrarily small size x > for (pt follows from the 
construction of Bowen [B] (cf. also Ratner [Raj). 

Prom now on we will assume that TZ = {Ri}^^^ is a fixed Markov family for (pt of size x < 
eo/2 < 1. Set U = U^L^C/j . The shift map a : U — > U is given by a = vr^^) o V, where 
TT^^) : R — > U is the projection along stable leaves. Notice that r is constant on each stable leaf 
(^) ~ ^/o(^) ^^i- For any integer m > 1 and any function h : U — > C define hm '■ U — > C 
by hm{u) = h{u} + h{a{u)) + . . . + /i(a™-i(7x)). 

Denote by U the core of U, i.e. the set of those x G U such that V'^{x) G IntA(-R) for all 
m € It is well-known (see [B]) that C/ is a residual subset of U and has full measure with 
respect to any Gibbs measure on U. Clearly in general r is not continuous on U, however r is 
Lipschitz on U. The same applies to a : U — > U. Throughout we will mainly work with the 
restrictions of r and a to U. Set Ui = UiH U. 

Let B{U) be the space of bounded functions g : U — > C with its standard norm \\g\\{) = 
svLY>^^jj\g{x)\. Given a function g G B{U), the Ruelle transfer operator Lg : B{U) — > B{U) 

is defined by {Lgh){u) = e^^^'^h{v) . If (7 G B{U) is Lipschitz on U, then Lg preserves the 

a(v)=u 

^In fact, Chernov and Dolgopyat used (UNI) only for Anosov flows on 3-dimensional manifolds. It is quite clear 
that when dimi?"(a;) > 1 {x £ A), (LNIC) is a much weaker condition than (UNI). 
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space C^^^{U) of Lipschitz functions g : U — > C. 

In what follows we will assume that / is a fixed real- valued function in C^^P(C/). Let 
P = Pf he the unique real number so that P^aif ~ P'^) = 0, where Fi^rih) is the topological 
pressure of h with respect to the shift map a (see e.g. [PP]). Set g = gf = f — Pt. 

By Ruelle- Perron- Frobenius' Theorem (see e.g. Ch. 2 in [PPJ) for any real number a with 
\a\ sufficiently small, as an operator on C^^P([/), Lj_(p^a)r has a largest eigenvalue Xa and 
there exists a (unique) regular probability measure t>a on U with L*j:_^p^^-^^Da = \a^ai i-e. 
/ L j_(^pj^g^^H dva = Xa J H dva for any H € C{U). Fix a corresponding (positive) eigenfunction 
ha G C^^P([/) such that / ha dua = 1- Then dv = Hq dvQ defines a a-invariant probability measure 
V on U . Since Pro-(/ — Pt) = 0, it follows from the main properties of pressure (cf. e.g. Ch. 3 
in |PP]) that |Pro-(/ — {P + a)T)\ < \ 

'^loc 1^1* Moreover, for small the maximal eigenvalue 
and the eigenfunction ha are Lipschitz in a, so there exist constants > and Co > such that 
\ha — ho\ < Co\a\ on U and \\a — 1| < Co\a\ for \a\ < Oq. 
For \a\ < g'q, as in ID2|, consider the function 

(n) = fiu) - (P + a)riu) + In /i„(n) - In ha{a{u)) - In 

and the operators 

Lab = : C^'^'iU) C^'^'iU) , Ma = : C^'^{U) C^'^iU) . 

One checks that Ma I = I and \{L2h){u)\ < (7W^|/i|)(u) for all u£U, he C^'P{U) and m > 0. 
It is also easy to check that L*^(o)^ = i^, i.e. / L^{o)H du = J H du for any H G C^^P(C/). 

The hyperbolicity of the flow on A implies the existence of constants cq € (0, 1] and 71 > 7 > 1 
such that 

(2.1) C07'" d{m,U2) < d(a'™(ni),a'™(n2)) < ^d{ui,U2) 

Co 

whenever a^{ui) and a^{u2) belong to the same IntA(C^j^) for all j = 0, 1 . . . , m. 

Set f = max{ |[t||o , Lip(T|j^) } . Assuming that the constant aj, > is sufficiently small, there 
exists T = T^Oq) such that 

(2.2) r>max{||/('^)||o,Lip(/|g)),f} 

for all \a\ < Oq. Fix Oq > and T > and with these properties. Taking the constant Co > 
sufficiently large, we have If^"^ - /(°)| < Col a\ on U for \a\ < Oq. From now on we will assume 
that Co, Co, 7 and 71 are fixed constants with the above properties. 

3 Some properties of cylinders 

Let again TZ = {Ri}^^^ be a fixed Markov family as in Sect. 2. Define the matrix A = {Aij)^^^^^ 
by Aij = 1 if V{lntA{Ri)) n IntA(-Rj) / and Aij = otherwise. According to [BR] (see Sect. 2 
there), we may assume that TZ is chosen in such a way that > (all entries of the Mo-fold 
product of A by itself are positive) for some integer Mq > 0. In what follows we assume that the 
matrix A has this property. 

Given a finite string i = {iQ,ii, . . . ,im) of integers ij G {!,..., /c}, we will say that i is 
admissible if for any j = 0, 1, . . . , m — 1 we have Ai-i.^^ = 1. Given an admissible string i, denote 

o 

by C H the set of those x € U so that a^{x) € lnt\{Ui.) for all j = 0,1,..., m. The set 

o o 

C[z] = C [i] C A will be called a cylinder of length m in f7, while C [i] will be called an open 
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cylinder of length m. It follows from the properties of the Markov family that C [i] is an open 
dense subset of C[i]. Any cylinder of the form C[io,ii, ■ ■ ■ ,imiim+ii ■ ■ ■ jim+g] will be called a 
subcylinder of C[i\ of co-length q. 

In what follows the cylinders considered are always defined by finite admissible strings. 

The cr-invariant probability measure u onU defined in Sect. 2 above is a Gibbs measure related 
to g = f — Pt (cf. [Sil, [R2) or |PP] ). It follows from Pro-(g) = 0, and the properties of Gibbs 
measures that there exist constants C2 > ci > such that 

for any cylinder C[i] of length m in U and any y € C[i]. It is well-known (see ^) that the core 
U of U (see Sect. 2) is a residual subset of U and I'iU) = 1. Notice that for any cylinder C[i] the 
set C[i] = C[i] nU is dense in C[i] and i^iC[z]) = iy{C[t\). 

Given x ^ Ui for some i and r > we will denote by Bu{x,r) the set of all y & Ui with 
d{x, y) < r. 

The proof of the following proposition is straightforward. 

Proposition 3.1. If for some integer m > 1 the map fj™" : C — > C defines a homeomorphism 
between two open cylinders C and C and w : C — > C is its inverse map, then w{C") is an open 
subcylinder of C of co-length g > 1 for every open subcylinder C" of C of co-length q. 

Recall the constants cq € (0, 1) and 71 > 7 > 1 from Sect. 2, and fix an integer pi > 1 with 

If diam([/j) 1 
^° = ^<"""idi^^^^^^'^ = ''---'^/ • 

Then clearly po < 1- Set pi = p^^^ and fix a constant tq > with 2ro < min{diam(f7j) : i = 
1, . . . , /c} and for each i = \, . . . ,k a, point Zi G Ui such that Bu{zi,rQ) C lnt\{Ui). 
The following is an immediate consequence of (2.1). 

Lemma 3.2. There exists a global constant Ci > such that for any cylinder C[i] of length m 
we have diam(C7[i]) < Ci pf and diam(CW) > ■ 

Prom now on we will assume that the local stable holonomy maps through A are uniformly 
Lipschitz. Then there exists a constant K' > such that d(l-Lxiz),'Hxiz')) < K'd{z,z') for all 
x,y e A with d{x,y) < ei and z,z' G AnW^^{x). 

Given i = 1, . . . ,k, according to the choice of the Markov family {Ri}, the projection 
pr^. : Wi = (p[_^^^]{Ri) — > Ri along the flow 4>t is well-defined and Lipschitz. Since the projection 
vTj : Ri — > Ui along stable leaves is Lipschitz, the map il)i = ni o pr^. : Wi — )■ W^J^Zi) is 
also Lipschitz. Thus, we may assume the constant X' > is chosen sufficiently large so that 
d{jpi{u),jpi{v)) < K' d{u, v) for all u,v G Wi and all i = 1, . . . ,k. 

The following lemma describes the main consequences of the flow having a regular distortion 
along unstable manifolds that will be used in Sects. 4 and 5. 

Proposition 3.3. Assume that (pt has a regular distortion along unstable manifolds over the basic 
set A and that the local stable holonomy maps through A are uniformly Lipschitz. Then there exist 
global constants < p < 1 and Ci > and a positive integer po > 1 such that: 

(a) For any cylinder C[i\ = C[io, . . . , im] and any subcylinder C[i'] = C[io, ii, . . . , im+i] of C[i] 
of co-length 1 we have p diam(C[«]) < diam(C[?']) . 
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(b) For any cylinder C[i] = C[io, . . . , im] and any suhcylinder C[i'] = C[io, ^i, • • • , im+i, ■ ■ ■ , im+po] 
of C[i] of co-length pq we have diam(C[z']) < yodiam(C[i]) . 

Proof of Proposition 3.3. Notice that the properties of the Markov family (and the fact that i is 
admissible) imply a''^{C[i\) = Ui^. 

(a) Set z = Zim+i foi' brevity, and let x € C[i'\ be the point such that a^'^^{x) = z. Set Tq = 
co'^o/ti > 0. Let R = R{rQ/ K' ,2eo) > be the constant from the definition of regular distortion 
along unstable manifolds with 6 = r'^/K' and e = 2eo (see Sect. 1). Since Bu{z, tq) C IntA(^^j„+i), 
it follows from the properties of a that Bu{a^{x),rQ) C IntA(C/i^). Thus, for T = Tm{x) this 
implied A n B^{x, r'^/K') C C[i'], so 

diam(C7[/]) > diam(A n B^{x, ryx')) > ^ diam(A n B^{x, 2eo)) . 

On the other hand, Ui^ C Bu (a"^ (x) , ri) implies C[i] C A n B^{x,2eo). Indeed, if y G C[i], 

then V'^iy) G Ri^ and V'^iy) = M^Priv)) for some |t| < x < eo/2, where (priy) G W^^{x). 

So, d{Mx),My)) < d{a'^{x),a^{y))+d{a^{y),V^{y)) + d{V"'{y),<PT{y)) < 3x < 2eo. Thus, 
setting p = 1/R, we get pdiain{C[i]) < diam(C[z']). 

(b) Choose an arbitrary p G (0, 1) (e.g. take the one from part (a) above), and set e = r'^/K' . 
It follows from the condition (b) in the definition of regular distortion along unstable manifolds 
that there exists 5 G (0,ro/-fs:'] such that diam(A n B^{x,5)) < p diam(A n B^{x,rQ/K')) for 
X G A and T > 0. Choose the integer po ^ 1 so that Ci K' p^" < 6. 

Let C[i] = C[io, . . . , im] be an arbitrary cylinder and let C[i'] = C[io, ii, . . . , im+i, ■ ■ ■ , im+po] 
be a subcylinder of C[i] of co-length pQ. Let x G C[i'] be the point such that a"^~^P°{x) = 
Zim+po ^^^^ ^ Tm{x). For the cylinder C = C[im,im+i, ■ ■ ■ ,im+po] C Ui^, it follows from 

Lemma 3.2 that diam(C') < Ci/>^", so by the choice of po, diam(C') < 5/K' and therefore 
C C Buia"'{x),S/K'). Next, we have C[i'] C A n B^{x,6). Indeed, if y G then cT™(y) G C, 
so d(cr™(x),o-"^(y)) < 5/-^'. For T = r^(2;) we have (l)T{y) G VFJ;,((^t(x)), so d{<pT{x),<pT{y)) = 
d{n%fj^{a^{x)),n%f]^{a^{y))) < K' d{a^{x),a^{y)) < 6. Thus, C[i'] C AnB^{x,6) and 
therefore diam(C[z']) < diam(A n B'!f[x^6)) < p diam(A n B^(x,r()/K')). On the other hand, 
S[/(cT™(x),ro) C IntA(t/»„) gwes An B^{x,r'o/K') C C[i], so diam(C[/]) < pdiam(CH). ■ 

4 The temporal distance function 

Throughout we assume that (pt is a Axiom A flow on M and A is a basic set for (j)t satisfying 
the condition (LNIC) stated in Sect. 2 and such that the local holonomy maps along stable 
laminations through A are uniformly Lipschitz. 

The following property of the temporal distance function follows from the Lipschitzness of the 
local stable holonomy maps and the continuous dependence of W^{y) on y G A. 

Lemma 4.1. For any z G A and any 5 > there exists e > such that for any yi G W^{z) A, 
if y2 G W^{z) n A is sufficiently close to yi, then for any z, z' G A n W^{z) we have 

\A{z',TTy^{z)) - A{z',TTy^{z))\ < 6d{z,z') . 

Fix an arbitrary point zq S A and constants eg > and 9q G (0, 1) with the properties 
described in (LNIC). Without loss of generality we will assume that zq G lnt\{Ui), Ui C 

®Since r'o/K' < ro, for any y £ An B^{x, r'o/K') one derives that {y) £ Ui - for all j = 0, 1, . . . , m + 1. 
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A n Wg"(2;o) and C A n W*,(zo), where as in Sect. 2, Ri = [Ui,Si] are the members of the 
Markov family TZ = {Ri}^^^. Fix an arbitrary constant 9i such that 

< 00 < ^1 < 1 • 

Next, fix an arbitrary orthonormal basis ei, . . . , in E'"{zo) and a parametrization r{s) = 
cxp"|j(s), s G V^', of a small neighbourhood Wq of zq in ^^"(^o) such that Vq is a convex compact 
neighbourhood of in M" ~ span(ei, . . . , e„) = E^{zo). Then r(0) = zq and -^r{s)^s=o = for 
all i = 1, ri. Set Uq = Wq n A. Shrinking Wq (and therefore Vq as well) if necessary, we may 



assume that t/^ C IntA(C/i) and (^^(s), ^(s) ) - 
and s G V^', so that 



is uniformly small for all z, j = 1, . . . ,ra 



(4.1) l{^,r])<{dris)-^, dris)-ri)<2{^,r]) , ^,ri e E-{zo) , s e , 
and 

(4.2) ^\\s-s'\\<d{r{s),r{s'))<2\\s-s'\\ , s,s' eV^ . 

4.2. Definitions, (a) For a cylinder C (Z Uq and a unit vector ^ G E'^{zo) we will say that 
a separation by a ^-plane occurs in C if there exist u,v & C with d{u,v) > | diam(C) such that 



— 1(d)— r -"-(it)!! . 

Let (S^ be the family of all cylinders C contained in Uq such that a separation by an ^-plane 
occurs in C. 

(b) Given an open subset V of Uq which is a finite union of open cylinders and S > 0, let 
Ci,... ,Cp {p = p{S) > 1) be the family of maximal closed cylinders in V with diam(Cj) < S. For 
any unit vector ^ G -^"(-zo) set M^^\v) = U{Cj : Cj e , 1 < j < p} . 

In what follows we will construct, amongst other things, a sequence of unit vectors (,i,£,2, ■ ■ ■ ,(,jo ^ 
£;"(zo). For each 1=1,... Jo set Be = {?] £ S"-i : (t?,^^) > 6*0} . For t G M and s G ^^"(zo) set 
Ir),tg{s) = £(£ll^L_£(£) ^ i / {increment of 5 in the direction of rj). 

Clearly if x, y G S"~-^ axe such that (x, y) < 9i, then ||x — y\\ > ^/2{1 — 9i). Thus there exists 
a positive integer Jq, depending on n only, such that for any finite set {xi, . . . ,Xk} C S"~^ with 
{xi, Xj) < 61 for all i ^ j we have k < J'q. Fix Jq with this property. 

As another preparatory step, fix 2jQ distinct points Ap'* G IntA(f/i)\C/o (i = !)••• i Jo ' ^ ~ -'^j 2) 
and for each A,p^ fix a small open neighbourhood of its in IntA(C^i) such that the sets 
^i ''^ (j = 1) • • • ) Jo i ^ ~ 2) are disjoint and contained in Int\{Ui). 

Lemma 4.3. (Main Lemma) There exist an integer jo with 1 < jo < j'o, open cylinders 
Uq"^ C . . . C Uq^^ contained in U'q, and for each £ = 1,. . . ,jo, an integer m£ > 1 such that the 
following hold: 

(i) for each i = 1, . . . ,jo o-nd each i = 1,2, there exists a contracting map wf^ : U^p — > V^^^ 
such that a^'-{wf\x)) = x for all x G Uq \ wf'\UQ ^) is an open cylinder in Ui, and 

wf^ : — > wf\ulp) is a homeomorphism; 

(ii) for each £ = 1, . . . ,jo there exist a number 5^ G (0, (5o) and a vector ^£ G S""-*- such that 

^ ^1 whenever £' =^ £ , and 

inf . \Irj,hMw?{ris))) - Tm,iwf\r{s)m > k , r{s) G C/f , r? G , 

0<\h\<Se 
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for all I = 1, . . . , jo, where the inf is taken over h with r{s + hrf) G U^p . 

(iii) For any open cylinder V in Uq''^^ there exists a constant 5' = 5'{y) G (0, Jq) such that 
V C Uf^ {V) U Uf^ (y) U . . . U M^^j (F) for all S G (0, S'] . 

Remark. Notice that if 5' > and the open cyhnder V in Uq are such that V C U'^-^j^iwi*^ (F) for 

all (5 G (0,(5'], then for any open cylinder W C V we have TF C lJf=iM^^.\w) for all (5 G {0,6"], 
where 6" = min{(5', diam(VF)}. 

Proof of Lemma 4.3. We will construct the required objects by induction. 

Step 1. Clearly there exists a unit vector G E'^{zo) tangent to A at zq. It then follows from 
the condition (LNIC) and the choice of zq that there exist z = r{s) G Uq, y G W^^(z) \ Ui (so 
y e A), S[>0 and > such that 

(4.3) \A{r{s + hri),7ry{r{sm>S[\h\ 

for all r{s) G Uq with dist(z,r(s)) < e[, r] e Bi and h €R with \h\ < and r{s + hrj) G Uq. We 
will assume that e'^ > is so small that Bu{z, e'l) C Uq. 

Since f/^^ and V^^"^ are open subsets of U having common points with A, it follows that 
-prn^y^^)^ and T"^{V^^'') fill in i?i density as m -)■ oo. Using this, it follows that taking mi > 1 

large enough we can find y[ G i?i PI 'P'^^{vl^^) \ Ui arbitrarily close to y and y" G V"^'^{V2^^) 
arbitrarily close to z such that TT^^\y[) = ■n^^\y'-[) G UqDU. By Lemma 4.1 with yi = z and 
2/2 = y'l, we can make this choice so that for any z = r{s), h and rj as above, we have 

A{r{s + hri),7ry.{r{sm < -I d{r{s + hv),ris)) < . 
Using Lemma 4.1 again with y = y'l and 1/2 = y, we get 

|A(r(s + /ir?),7r,.(r(s)))-A(r(s + /ir/),7r^(r(s)))| < 

provided y[ is chosen sufficiently close to y. Combining the above with (4.3) one gets 

\A{r{s + hri),Try>^ir{s))) - A(r(s + hri), Try'^{r{s)))\ 
> \A{r{s + hr]),Try{r{s)))\ - \A{r{s + hri),Try.{r{s)))\ 

6[ \h\ 



-\A{r{s + hr]),Try>^ir{s)))-A{r{s + hr]),7ry{r{s)))\ > 

Thus, there exists an open cylinder Uq'^ contained in Bu{z,e[) C Uq with Ci = Tr^^^y'i) = 
7r(^)(yi') G C/^^^ such that 

(4.4) \A{r{s + hr]),7ry'^ir{s))) - A{r{s + hr]),7ry,,ir{s)))\ > 6i\h\ 

whenever r{s) G Uq^\ rj G Bi, \h\ < Si and r{s + hrj) G Uq'\ where 61 = mm{S[/2,e[}. Fix 
n^i > I, y'l and y'( with these properties. 

Since y[ G i?i n V^'^vl^^), we have W^^{y[) n V'^Hvl^^) + 0- Let be a small open 

neighbourhood of y'^ in W^^^(y'i) VW^^^vf^) and let /f^ : O^^^ — > fi^'iP^i^) C f/^^ be a 

Lipschitz homeomorphism (local inverse of P™i) such that V^'^f^^^ {z)) = z for aU z G O^^^ 
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Shrinking Uq^^ if necessary, we may assume that 7ryi^{UQ^^) C o[^\ Now define a Lipschitz 
homeomorphism w^^ : Uq^^ — > w^\Uq^^) C f/^^ by w^\x) = f^^\'Kyi^{x)). We then have 
{w^i\x)) = TTy'^ix) and therefore a"^'^ {w^^\x)) = x for all x G Uq^\ Moreover, Lip{w^^^) < 
■^^^7^, so assuming mi is sufHciently large, w^^ is contracting and w^^\Uq^^) is a cyhnder. 

In the same way one constructs a Lipschitz homeomorphism W2^^ : Uq^^ — > ^2^^ (C/q^^) C V^^^^ 
(replacing Uq^^ by a smaller open cylinder if necessary; by Proposition 3.1, w^\Uq^^) will continue 
to be a cylinder) such that w^2\.Uo^^) is a cylinder and V"^^{w^\x)) = ■Kyi^{x) for all x G U^f^ . 
Then a'^i (u;^^^ (x)) = x for all x € U^^\ 

Now for z = r{s) € ^^q^"*, t] G Bi and /i G M with r(s + hrj) £ U^^^ we get 

[r™,(4^)(r(s + /i7?))) -T„,(u;f)(r(,s + hr,)))] - [t„, (u;^) (r(s))) - r^, (^^^ (r(s)))] 
= [TmA^?iris)))-Trr,,{w^^\r{s + hr,m - [t^, (^.^^^ (r (.s) )) - T^, (^/;« (r + /i T?)))] 
= A(P™i (r(.s + /i a))), (u-J^^ (r(s))) ^ A(P™i {w!^^ {r{s + /ir/))), (4^^ (r(s))) 
= + hT])),TTy>^{r{s))) - A(7rj^»(r(s + /ir/)), 7ry//(r(s))) 

= A{r{s + h7]),Try,^{ris))) - A{r{s + hr]),Try,,ir{s))) . 

This and (4.4) give |J^,;,[r^,(4'^(r(s))) - r^i(^«f^(r(s)))]| > Si whenever r(s) G U^'\ v e -Bi, 

< < e[ and r(s + hr}) £ U^^\ 

In this way we have completed the first step in our recursive construction. Whether we need 
to make more steps or not depends on which of the following two alternatives takes place. 

Alternative l.A. There exist an open cylinder V contained in ?7q^^ and a constant c^i G (0, (5o) 
such that M^^f (y) D V for all 5 G (0, 5i] . 
Alternative l.B. Alternative l.A docs not hold. 

In the case of Alternative l.A we simply terminate the recursive construction at this stage 
replacing Uq^^ by V. 

If Alternative l.B takes place, we need to make at least one more step in the inductive 
construction. 

Inductive Step. Suppose that for some j > 1 we have constructed open cylinders U^^ C . . . C 

Uq^^ contained in Uq, and for each i = 1, . . . ,j, an integer mc > 1 and a vector ^£ G S""-*" such 
that the conditions (i), (ii) and (iii) in the lemma are fulfilled with jo replaced by j. 
There are two alternatives again. 

Alternative j.A. There exist an open cylinder V contained in Uq^ and dj G (0, 5j_i) such that 
M^^f {V) U M^^ (F) U . . . U M^^'^ iV)DV , 6e (0, Sj] . 

Alternative j.B. Alternative j.A does not hold. 

In the case of Alternative j.A we terminate the recursive construction at this stage replacing 
U^'^ by V. 

Next, assume that Alternative j.B takes place. One then needs to complete 

(7+1) (7) 

Step j+1. Construct an open cylinder Uq contained in Uq , an integer rrij+i > 1 and a unit 
vector ^j+i G E^{zq) such that the conditions (i), (ii) and (iii) in the lemma are fulfilled with jo 
replaced by j + 1. 
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Given V and S > 0, set 

AsiV) = M^^\V) U M^^{V) U . . . U M^f{V) . 

It follows from Alternative j.B that for any open cylinder V contained in Uq^ we have V\As{V) 7^ 

for arbitrarily small 6. 

(i) 

Notice that, since there are only countably many cylinders in Uq ' , there exists a decreasing 
sequence 5j = f^Q > f^l > 112 > ■ ■ ■ > IJ-k > ■ ■ ■ converging to zero sTich that for any cylinder 
C in Uq ^ we have diam(C) = fij. for some k. Then for any V C Uq ^ and any m > 1 we have 
As{V) = A^^{V) whenever firn < 5 < /U-m-i- 

Let V = U^^^ and for any m > 1 consider the compact subset Fm = C\k>m-^^^k^) ^• 
Clearly F^/ C Fm whenever m! < m. We claim that IntA(Fj„) = for all m > T. Indeed, assume 
that IntA(-^m) 7^ for some m' > 1; then there exists a non-empty open cylinder W contained in 
Fm'- There exists k' > 1 with fik' = diam(VF). Setting m = max{m',/e'} + 1, we have W C Fjn- 
Moreover, for < 5 < jjLm we have 

(4.5) Uf^ {V)^W C Uf^ {W) , i = 1, . . . , j . 

Consequently, for all < 5 < we have A5{V) C C As{W). Now W C Fm imphes W = 
FmnW = nfc>„ A^^ {V)nWc nfc>„ ^Mfe (W) ■ Thus, W C A^^ (W) for all k > m, which means 
that W C AsiW) for ah < 5 < Hm- This is a contradiction with Alternative j.B. 

Hence IntA(Fm) = for all m > 1. Thus, Uq^ \ Fm are open and dense subsets of Uq\ so 
^ — ^m=ii^o^ \ ^rn) is a residual (even a Gs) subset of Uq\ The properties of U now imply 
GnC/7^0. 

Choose an arbitrary z G CiU and fix it. Given any m > 1, we have z ^ Fm, so there exists 
Urn G (0,/Um] with z ^ A^>^{V), i.e. i ^ U^^^M^^^^'"^(y). So, if C^™) is the maximal cylinder in V 
with diam(C("^)) < i^'m such that z e C^™), then C^™) ^ 5^, for any £ = 1, . . . , j. 

Fix m > 1 for a moment, and let UmiVm e C^"*) be such that d{um,Vm) = diam(C("*^). Since 
z e CM, we may assume d{um,z) > | diam(C("*)). Then { {,-l^^Z]Zl~-i% , Ce) < Oi for ah 

1 = 1,...,!, smce C^'") ^ S^,. Clearly, ^tm — >■ -2 as m ^ 00. Choose a subsequence {u^p} so that 

^j+i = limp^oo iir-ilni^^jlr-ili)!! ^ exists. Let z = r(s); then = dr{s) ■ ^^-+1 is tangent 
to A at z, and according to the above, (^j+i, < 9i for all ^ = 1, . . . , j. 

Repeating the argument from the proof of (4.4) in Step 1, one derives that there exist z = 

r{s) G y = U^^\ y € WI^^{z)\Ui, G {ojj) and e^^^ > such that \A{r{s + hr]),Try{r{s)))\ > 
Sj_^_i\h\ for all r{s) G V with d{z,r{s)) < e'j_^^, r] G Bj+i and /i G M with \h\ < e'j_^^ and 

r(s + /i??) G C/q"''. We will assume that ej^^ > is so small that Bu{z, e^+i) CV = Uq\ 

Then, again as in Step 1, one constructs an open cylinder ujf^^^ C Uq^ and contracting 

homeomorphisms w^^^^ : C/^^+^^ w\^^^\u^'^^^) C v}^^^^ {i = 1,2) with (7"*^+i(w;p^^(x)) = 

X for all X G C^q"''^'^^ and such that \Ir],h[Tmj+i{w2^^\r{s))) — Tmj+i{'w[^'^^\r{s)))]\ > Sj+i for all 

r{s) G Ulf^^\ T] G Bj+i, < < S^+i with r(s + /ir/) G f/o^"^^^ This completes Step j + 1. 

By the definition of Jq, it is clear that this inductive procedure terminates after not more 
than Jq steps. That is, for some jo < J'q the Alternative jo -A holds, and then we terminate the 
construction at that step. ■ 

In what follows we use the objects constructed in Lemma 4.3. Set d = mini<j<jg(5j, uq = 
maxi<j<jg nij, and fix an arbitrary point zo G Uq'^^ fl U. 
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Lemma 4.4. There exist an integer ni > 1 and an open neighbourhood Uq of zq in Ul^^°^ such 
that Uq is a finite union of open cylinders of length ui, IntA(C^) = cr'^i(C/o) and 
o""^ : Uq — > a^^{Uo) is a homeomorphism. 

Proof of Lemma 4.4. Let Uq°'^ = C[i] = C[io, . . . ,im]- By construction, zq G C[i] C Uq°\ For 
the matrix A we have ^^^0 > for some integer Mq > 1 (see the beginning of the section), so for 

each j = 1, . . . ,k there exists an admissible string s^-') = (i^+i' • • • ' ^E+Mq) such that i^)^jv/o ~ ^ 
and A. .(j) = 1. Fix an arbitrary string s^^^ with this property. For the particular j' such that 

(T™"'"^o(zo) £ Uj/, choose s^^ ^ in such a way that zq G C[i; s^j )]. 

Now set ni = m + Mq and Uq = U^=i C [i', s^^^] . Clearly, Uq is an open subset of Uq°^ 
containing zq and one shows easily that cr"^ : Uq — > (t"^(C/o) is a homeomorphism and IntA(C^) = 

U•=l^"^(C'[^;s(•'■)]) = ^T"l(C/o). ■ 

Using the above lemma, fix ni > and an open neighbourhood Uq of zq in Uq'^^ such 
that Uq is a finite union of open cylinders of length ni,U = cj"^ (Uq) = lnt\{U) and cj"^ : Uq — > lA 
is a homeomorphism. The inverse homeomorphism il) : lA — >• Uq is Lipschitz, so it has a Lipschitz 
extension 

(4.6) il):U — ylTQ such that cr"i(V'(x)) = x , x . 

Then f{s) = cr"i(r(s)), s G Vq ) where Vq = t^^{Uq) C Vq', gives a Lipschitz parametrization oiU 
with 'ip{f{s)) = r{s) for all s G Vq. Finally, set 

(4.7) vl'^ = w\'\UQ)cVi^'^ , i = l,2;i = l,...,jo. 

It follows from the choice of Uq, the properties of w^''^ (see (i) in Lemma 4.3) and Proposition 3.1 
that V-^'^^ is a finite union of open cylinders of lengths ni + mj. 

The following two lemmas are proved essentially by using arguments from jD2] and Lemma 
4.3 above. We omit most of the details. 

Lemma 4.5. For every 6" > there exists an integer 722 > such that for any m > nQ + n2, any 
j = 1, . . . , jo and i = 1,2 there exist contracting maps : V^^^^ — > U with (T™~™j {vl''\w)) = w 
for all w G vj^^"* such that 

(4.8) Lip(T„„„, o t}p)) < 5" on vj;'^ , 



v\^'^ iyj^'^^) is a finite union of open cylinders of length ui + m and Vi'^\vp^) (~]v^'l \V-9 ■*) 



whenever {i,j) 7^ 

Set 5" = ^ , fix n2 = n2{6") > with the properties listed in Lemma 4.5, and denote 
TVo = "-0 + + "-2 • 

Lemma 4.6. For any integer N > Nq there exist Lipschitz maps v'f\v2'' '■ U — t- U (j = 
1, . . . , joy) such that {v^p {x)) = x for all x G U, vP{U) is a finite union of open cylinders of 

length N, and I^^h[TN{vi^\ris))) - TNiv[^\r{s)))] > | for all j = I, . . . , jo, s € Vq, < \h\ < 6 
and T] G Bj so that both s and s + hr] are in r~^{UQ R A) C Vq. Moreover we can choose the maps 

,V2^ in such a way that vl''\u) f]v^'l \u) = whenever {i,j) ^ {i',j'). 
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Proof of Lemma 4.6. Let A'" > Nq. Then m = N — rii > no + n2, so by Lemma 4.5 for any 
j = 1, . . . , jo and any i = 1, 2 there exists a contracting homeomorphism 



(4.9) : V}^'^ Vi^\v}^'^) C U with V)) =w , we v}^^ 



iJ) 



such that (4.8) holds with m = N — ni and 6" as above. Moreover, we can choose the maps 
so that v^-'\v^''^)f^v^i ^) = whenever / Now define Lipschitz maps 

(4.10) v?'^ :U such that ^^(x) = wpV?^(V'(2;))) , x£U . 

It follows immediately from the above that fp^(C/) PI v^J \u) = whenever ^ while 
Proposition 3.1 shows that each v['^\u) is a finite union of open cylinders of length A^. 

Moreover, for any x £U, according to (i) in Lemma 4.3, (4.10) and (4.9), we havea^-"i(vp^(x)) 
cr»^j (cr^-™j-"i (^;p)(x))) = (T^3 {wl''\tlj{x))) = ip{x) , which is the same for all j and i. Conse- 
quently, a'P{v'f\x)) = a'P{v2\x)) for allp > A^ — rii and x eU. Thus, tjsi{v2\x)) — tn{vi\x)) = 
TN-ni{v2\x)) — TN-ni{vi\x)) for X gU, and given rj G Bj and /i > 0, we have 



Now Lemma 4.3(ii), (4.9), (4.2) and (4.8) imply I^^^h 'rN{v^J\r{s))) - TN{v'f \f{s))) 

5 Dolgopyat operators 

In this section we prove Theorem 1.1. 

Throughout we assume that A is a basic set for a Axiom A flow (pt ■ M — > M satisfying 
the condition (LNIC) which has regular distortion along unstable manifolds over A and uniformly 
Lipschitz local stable holonomy maps. We use the notation from Sect. 2, in particular the fixed 
real-valued function / G C^^P(C/), the function g = f — P t, where P G R is such that Pro-(^) = 0, 
and the u-invariant probability measure on A such that ^^(o)^^ = ^■ 

The central point here is to prove the L^-contraction property of the normalized operator Lab 
with respect to the Gibbs measure and the norm |[/i||Lip,fe- 

Theorem 5.1. There exist a positive integer N and constants p G (0, 1) and oq > such that 
for any a, 6 G M with \a\ < ag and \b\ > 1/ao and any h G C^^'^{U) with ||/i||Lip,fe < 1 we have 

iL^^/ip diy < jf^ for every positive integer m. 
U 

Theorem 1.1 is derived from the above in the same way as in [D2] (see also the proof of 
Corollary 3.3(a) in [Stlj). Indeed, the assumptions of Theorem 1.1 are exactly the ones we have 
in this section. 

Define a new metric D on U hy 

D{x, y) = min{diam(C) : x,y G C , C a cylinder contained in Ui} 

if X, y G Ui for some i = 1, . . . ,k, and D{x, y) = 1 otherwise. Recall that diam(?7j) < 1 for all i 
by the choice of the Markov family. 

The proof of the following lemma is straightforward. 



> ^ 

— 2 • 
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Lemma 5.2. (a) D is a metric on U, and if x,y G Ui for some i, then d{x,y) < D{x,y). 

(b) For any cylinder C inU the characteristic function Xq of C on U is Lipschitz with respect 
to D and hip£){xc) ^ l/diam(C). ■ 

We will denote by c]^^{U) the space of all Lipschitz functions h : U — > C with respect to the 
metric D on U and by Lip£)(/i) the Lipschitz constant of h with respect to D. 

Given A > 0, denote by Ka{U) the set of all functions h € C^^{U) such that h > and 
— ^ -^(^> '^') u,u' & U that belong to the same Ui for some i = 1, . . . ,k. Notice 

that h G Ka{U) implies | In h{u) - In h{v) \<AD{u,v) and therefore e"^ < ^ < ^("''') 

for all u,v ^ Ui, i = 1, . . . ,k . 

Theorem 5.1 is derived from the following lemma which is the analogue of Lemma 10" in [D2]. 
It should be stressed that replacing the standard metric[£| d by the metric D is significant here. 
In fact, in this generality it is not clear at all whether the statements in the lemma remain true 
with D replaced by d. 

Lemma 5.3. There exist a positive integer N and constants p = p{N) G (0, 1), oq = aQ{N) > 0, 
bo = bo{N) > and E > 1 such that for every a, 6 G ffi with \a\ < oq, |6| > ^O; there exists a finite 
family {A/j}jgj of operators Nj = Mj{a, b) : C^^^([/) — > c]^^{U) , where J = J(a, b) is a finite 
set depending on a and b, with the following properties: 

(a) The operators Afj preserve the cone K£;^^{U) ; 

(b) For all H G KE\b\{U) and J e S we have i{MjHf dv < p I H"^ du . 

Ju Ju 

(c) Ifh,He C]^'^{U) are such that H G -fCij|fe| (f/), \h{u)\ < H{u) for all u e U and 

\h{u) — h{u')\ < E\b\H{u') D{u,u') whenever u,u' G Ui for some i = l,...,/c, then there exists 
J G J such that jL^/i(n)| < {N,jH){u) for all u e U and 

|(L»H - (Lf,/i)K)l < E\b\{MjH)iu')D{u,u') 

whenever u, u' G Ui for some i = 1, . . . , A;. 

The remainder of this section if devoted to the proof of Lemma 5.3. We begin with a technical 
lemma containing two specific versions of Lasota-Yorke type of inequalities. Its proof is given in 
Appendix A. Here we use the constants Og > 0, T > and 71 > 7 > 1 from Sect. 2. 

Lemma 5.4. There exists a constant Aq > Q such that for all a (zM. with \a\ < Oq the following 
hold: 

(a) If He Kb{U) for some B > 0, then '^^^^l^l'iy,?;^^^"'^' < Ao + ^] D{u,u') for 
all m > 1 and all u, u' G Ui, i = 1, . . . ,k. 



(b) If the functions h and H on U and B > are such that H > on U and \h(v) — h{v')\ < 
B H{v') D{v, v') for any v, v' G Ui, i = 1, . . . ,k, then for any integer m > 1 and any 6 G M with 

\b\ > 1 we have \L2h{u) - L2h{u')\ < Ao {M^H){u') + \b\ {M^\h\){u') 
u, u' G Ui for some i = 1, . . . ,k. 



D(u,u') whenever 



^In fact, it is not clear at all whether a similar lemma will be true for general basic sets on manifolds of arbitrary 
dimension with the metric d in the place of D. 
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Throughout we will frequently use the objects constructed in the previous section, notably 

5 > 0, the integers no, ni > pi and n2, the sets Uq C Ui and U = cr"^([/o) = IntA(C/), Uq being 

(i) (?) 

a finite union of open cylinders of length rii, the maps : Uq — > defined in Lemma 4.3, 
etc. We will also use the constants p G (0, 1) and po > 1 from Lemma 3.3. 

We will now impose certain condition on the numbers N, ei, h and /i that will be used 
throughout. Where these conditions come from will become clear later on. 

Set E = max |4Ao > ^^tt" | ' where AQ>lis the constant from Lemma 5.4, fix an integer 
> A'o = no + ni + 712 such that 

(5.1) 7 > max< 6^0 , 1 , 

and define and v\^^ by (4.10) and (4.9). Then the conclusion of Lemma 4.6 holds. In particular, 

(5.2) vf\u)r\vf\u) = ^ , (z,£) 7^ (/,/). 

Since Uq is a finite union of open cylinders contained in Uq'^^ (see Lemma 4.4 and the text 
thereafter), it follows from Lemma 4.3 that there exist a constant 5' = 5'{Uq) G (0, (5o) such that 

(5.3) M^(f(f/o)U...UM^^)(f/o) Df/o , (^€(0,5'], 
Fix 6' with this property. Set 

t^A-, • / 1 1 1 coro eg (7 - 1) 

=mm| , , - , ^ , , 

and let 6 G R be such that |6| > 1 and 

(5.5) ft < . 

Let Cj = (jj^i/'^'^ (1 < J < p) be the family of maximal closed cylinders contained in Uq with 
diam(Cj) < such that Uq C U^^-^Cj and Uq = U^^^Cj (see Definitions 4.2). It follows from 

(5.5) , (5.4) and Lemma 3.2, that the length of each Cj is not less than ni, so a"^^ is expanding on 
Cj. Moreover, Proposition 3.3(a) implies that diam(Cj) > p-^i for all j, so 

(5.6) <diam(C,)<-^ , l<j<p. 

We are also going to use the numbers < ^0 < 6*1 < 1 from Sect. 4. Fix an integer Qq > 1 
such that 

(5.7) 9o < 9i - 32 pi°-^ . 

Next, let Pi, . . . ,Vq be the list of all closed cylinders contained in Uq that are subcylinders of co- 
length pQ qq of some Cj (1 < j < p). That is, if kj is the length of Cj, we consider the subcylinders of 
length kj +po qo of Cj, and we do this for any j = 1, . . . ,p. Then Uq = CiU . . .UCp = ViU . . .UVq . 
Moreover, it follows from the properties of Cj and Proposition 3.3 that 

(5.8) pPo.o+i.^<diam(Pj)<p''o.|| , l<j<q. 
Given j = 1, . . . ,q, i = 1, . . . ,jo and i = 1,2, set 
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Z.J = Zj n U, Vj = Vj n U, 9}^^ = Y^-^ n d and xf] = xf] n U. See the diagram below. 



(I) -(e) 



u u ,„ u ^,,„ u 



^^.=^n,(p^.) ^ p^. , ^ ^^^^ 



It then fohows that Vj = ip{Zj), xf^- = vf^ (Xi^j)^ U = U'^^^Zj. Moreover, by Proposition 
3.1, y/^'* and X^^j are cyhnders. 

Remark 5.5. It follows from (5.2) that xj;^j n X^/J, = whenever / 

By Lemma 5.2(b), the characteristic function -qf^- = Xj?{0 '■ U — > [0,1] of xf^- belongs to 

C^'P(C/) and Lip^(r/g) < l/diam(xf^5)- Since a^-^'^ixf]) = Vj and (t^-"i : xf] Vj is 
expanding (according to the constructions of the maps wf^ and vf^ (see Sect. 4), it follows from 

-^^^1 ( f\ N ( n\ 

(2.1) that diam(Pj) < ^^^^ diam(X^>y ) < ^diam(X^>y) . Combining this with (5.8) gives 

(5.9) diam(XW) > ■ - 

for all i = 1, 2, j = 1, . . . , (7 and ^ = 1, . . . , jq. 

Let J be a subset of the set H = H(a, &) = { (i, j, £) : 1 < ? < 2 , 1 < j < g , 1 < ^ < jo }. Set 

(5.10) M = MA^)=mm| -, ^-^^ , sm j j , 

and define the function = : U — > [0, 1] by /? = 1 - /i ^ r/j^ • Clearly /3 E c!^'P(?7) and 

{i,j,e)ej 

1 — A* < /3('u) < 1 for any u U. Using Remark 5.5, Lemma 5.2(b) and (5.9) one derives that 

Co f)Po'}o+^ gj^ 

Next, define t/ie operator M = Nj{a,b) : C^^{U) C^'^{U) by (AA/i) = {M^{pj ■ h)). 



The following lemma contains statements similar to Proposition 6 and Lemma 11 in |D2| and 
by means of Lemma 5.4 their proofs are also very similar, so we omit them. 

Lemma 5.6. Under the above conditions for N and ji the following hold : 

(a) Mh G KE\b\{U) for any h G KE\i,\{U); 

(b) If h e c]i^^{U) and H G KE\b\{U) are such that \h\ < H in U and \h{v) - h{v')\ < 
E\b\H{v') D(v, v') for any v, v' G Uj, j = 1, . . . , k, then for any i = 1, . . . ,k and any u, u' G Ui we 
have \{Ll h){u) - {Llh){u')\ < E\b\{M H){u') D{u,u'). 
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Definition. Given t > and m > 0, a subset W of U will be called {t,m) -dense in U if for 
every u £ U there exist a cylinder C containing u with diam(C) < mt and a cylinder C with 
diam(C') > t such that C' C W n C. 

Below we use the constants ci,C2 from (3.1) and H^Ho = sup^^^ bl^)!- 

Lemma 5.7. Let A>0, m> 1 and let e = e(m, A) = where dm = ^ e~^° (h^+O . 

Then for any t > 0, any (t, m) -dense subset W of U and any H G Kj^/f-{U), we have 



! H"^ du>e f H"^ du . 
Jw Ju 

Proof of Lemma 5.7. Let t > 0, let be a (t,m)-dense subset of U and let H G Kj^niU). 
Let Bi, . . . ,Bs be the maximal cylinders in U with diam(i3j) < mt for any j = 1, . . . , ,s. Then 
Uj^iBj = U. and so '^{^j) = 1- Setting ruj = infug^j H{u) and Mj = sup^^^^, H{u), it then 

follows from H G KA/t{U) that ^ < = e^™. Thus, > > Mje-^™ for all ?i G ^j. 

For each j = 1, . . . , s choose an arbitrary point Uj G Bj. Since W is (t, m)-dense in [/, there 
exists a subcylinder B'j of ,Bj such that d.\.ava.{B'j) > t and jSjCWCi Bj. If is the co-length 
of B'j in and qj = rjpo + Sj for some integers > 0, < Sj < po, by Proposition 3.3(b) 
we have t < diam(;Sj) < p^^ diam(;Bj) < p^^ mt , so ff^ > 1/m, i.e. rj < lnm/|lnp|. Thus, 
Qj < Po{fj + 1) < Po (In m/l In p| + 1). If pj is the length of the cylinder Bj and pj = pj + qj that 

of B'j, (3.1) gives ^ > t e-<?i "^'Ho > d„ . Hence z/(^;) > d„ i/(^,) for all j = 1, . . . , s. 
It now follows that u{W nBj) > i^{Bj) > dm v{Bj) for any j, so 



/ H'^{u)dv{u) = V/ H'^{u)dv{u)>Y^M]e-^''^\{Wr^Bj) 
Jw ~[ JwnBj j^-^ 

> e-^'^' ^2 ^rnHBj) > L H\u) du{u) = 6 / H\u) dv{u) . 

j—l Ju Ju 

This proves the assertion. ■ 

Definitions. We will say that the cylinders Vj and Vj' are adjacent if they are subcylinders of 
the same Ci for some i. If Vj^Vji C Ci and for some £ = 1, . . . , jo there exist u G Vj and v G Vji 

such that d{u,v) > ^diam(Ci) and ( , ^e) > Oi we will say that Vj and Vji are 



^(-separable in Ci. 

Finally, a subset J of S will be called dense if for any j = 1, . . . ,q there exists G J 

such that I>j and Vji are adjacent. Denote by J = J(a, b) the set of all dense subsets J of S. 

Lemma 5.8. Given the number N , there exist 62 = €2{N) G (0, 1) and ao = ao(N) > such that 

/ {NH)'^dv < (1—62) / H^du whenever \a\ < qq, J is dense and H G i^E|ft|(C/). More precisely, 
Ju Ju 

j ATT ^ ft NT \ "1 j-^ 

we can take €2 = and ao = min j Oq, In f 1 + ^ ^ 4 j > , where e' = (^^"1"^'/^ )2 

and m' = 2 »7^pnon+i • 
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Proof of Lemma 5.8. The definition of Af and the Cauchy-Schwartz inequahty imply 

(5.12) {MHf{u) = {M^{PH)f{u) < iM^l3')iu) • {M^ H')iu) < iM^H'){u) 
for all u ^ U. 

Denote W = U(jj£)£jZj. Then u eW means that there exists {i,j,tj G J with vf\u) G ^f]-, 
and so I3{vf\u)) = 1 — fi. 

We will now show that W is (t, m')-dense in U, where t = 007"^ ^ogo+i . ^ j^j^^j 

above. Let u G U. Then u € Zj' for some j' = l,...,q, i.e. ip{u) € Pj'. Since J is dense, 
there exists {i,j,£) G J so that and T>j' are adjacent, i.e. Pj and T>jr are contained in the 
same Cm for some m. Then C = a'^^{Cm) is a cylinder containing a"'^{'Djr) = Zj', so u G C. 
Moreover, = a^-'iVj) cC,so Zj cWnC . Now (2.1), (5.6) and (5.8) yield diam(Zj) > t and 
diam(C) < m't, so is (t, m')-dense in U. 

Let F G i^i?|6|(C/). Setting ^ = ^007"^ pP0 9o+i h^ve H G -R:a(C/). Since e' = ^(^^, it 

follows that e' = e{m',A), the number defined in Lemma 5.7 with m replaced by m'. By Lemma 
5.6 (a), f/H G KA/t{U), so 

(5.13) / {MHf dv>€' [{MHf du . 

Jw Ju 

It follows from the definition of /3 that (3"^ < 1 — //e~^^ on ly. Using this, (5.12) and 

(5.13) , as in |D2] (see also the proof of Lemma 7.4 in |Stlj ) we get 

i{MHfdv< [jM^H^)du-fie-^^e' [ {MHfdu, 
Ju Ju Ju 

and therefore JjMH^) dv < ^^^1,^_nt Jj^a H^) du ■ Since H"^ = L^o) (e^^'"'"^'"')^ 
^N\a\Co jj^ j^Q^ follows from \a\ < ao and L*^(o)^ — ^ (see Sect. 2) that 

This completes the proof of the lemma. ■ 

In what follows we assume that h,H C^^{U) are such that 

(5.14) HeKE\b\{U) , \h{u)\<H{u) , u G C/ , 
and 

(5.15) \h{u) -h{u)\<E\h\H{u')D{u,u) whenever -u, u' G C/i , i = 1, /c . 
Define the functions xf'' '■ U — > C {£ = 1, . . . , jo, i = I, 2) by 



(2), 



(1 - ^)e/-^(^^''("))i?(^P(n)) + e^-'(4''("))F(4^)(^)) 



e/^"'(-r^W)i/(4^)(n)) + (1 - ^)e^-^(^^'^("))i/(4^)(^)) 
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and set 7^(u) = b [tn{v2\u)) — tn{v^\u))], u & U 



Remark. It is easy to see that for any £ the set {tn{v^^\u));u € Zj} is contained in an 
interval of length < Indeed, given u,u' G Zj, consider v = vf'\u),v' = vf\u') G xf^-. Since 



Vj, by (5.8) and (2.1), diam{a^ (X^f)) = diani(cr"i (P^)) < 



d{a^{v),a^{v')) < This and (2.1) give dia^ iv),aHv')) < d{u,u') < 'g;,, so 

,"1 



CO |6| 



SO d{u, u') 

n 1 ^^ _ 



by (5.4), |rAr(^;) - tn{v')\ < Ef=o' " r{a^{v'))\ < ^^^^ < TBl^, which proves the 

claim. Hence {'ye{u) : u € Zj} is contained in an interval of length < 1/8. 

Lemma 5.9. Let G {1,2, ... ,q} be such that Vj and Vji are contained in Cm and are 
separable in Cm for some m = 1, . . . ,p and i = 1, . . . ,jo . Then \je{u) — 'ye{u')\ > C2ei for all 

u G Zj and u' G Zji, where C2 = — . 



Proof of Lemma 5.9. Let u G Zj and u' G Z.ji\ then v = ip{u) G "Dj and v' = ip(u') G Vj/. Also 
V = r{s) and v' = r{s') for some s, s' G Vq. Set rj = | |^~^, || G S"~^ . 

Since Vj and Vj/ are ^^-separable in Cm, there exist = r{so) G and Vq = r(so) G 

such that d{vQ,VQ) > idiam(Cm) and (r/o , 0.) > di, where r]o = -r^ ^j-rr G S"^"*^ . By (4.2), 

1 1 -50 ~ 



(5.8) and (5.6), ||s - so|| < 2 d{r{s),r{so)) < 2diam(Pj) < 2pio-^ diam{C„ 
— SqW < 2p'^°~^ diam(Cm,). This implies 



and similarly 



(5.16) 



s-s\\- 



Hence \\rio - v\\ = ^^^o-s, 
this with (5.7) gives (r/, 
Lemma 4.6 implies 



\\so - s'o\\\ < \\s 

< 



So 



+ \\s' - Soil < 4p«o-^ diam(C^ 



^^"lllS"^''"^ ^ < 32^-- . combining 

= {V0,^i) + {V- m,^e) > Oi - 32p5o-i > _ rpj^^g^ ^ ^ ^j^^ 
i'r,,ft[Tiv(4^^(r(s))) - rjv(wP(f(s)))] > | for all s G Fo and ^ 7^ such that 

s,s + hrie r-^iUoHA) C Vq. 

Since it = a"^^v = r{s) and u' = r(s'), we have s, s' G r~^{Uo fl A) and s = s' + hrj with 
/i = jjs — s'jj. It then follows from the above, (5.16) and (5.6) that 



1 



s „ 

- 2 " 



Mv^iris))) - rN{v?iris)))] " [riv(4'^(f(s'))) - t^(4'^ (r(s')))] 
s'll > ^ Qdiam(C^) -4p«o-Miam(C„)) - if^ " " 



The proof of the following lemma is given in Appendix A. 

Lemma 5.10. Assume b is chosen in such a way that (5.5) holds. Then for any j = 1, . . . ,q there 
exist i = 1,2, j' = 1, . . . ,q and i = 1, . . . ,jo such that Vj and Vj' are adjacent and Xi\'a) < 1 
for all u G Zji . 

Proof of Lemma 5.3. As before, we assume that N and fi > satisfy (5.1) and (5.10). Define ei 
by (5.4), take €2 = e2(A'') > and ag = ao{N) > as in Lemma 5.8 and set p = 1 — 62. 
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Let a e R and 6 G M be such that \a\ < oq and |6| > 60 = ^i/^'- Then for any J G J(a, b), 
Lemma 5.6 (a) imphes property (a) in Lemma 5.3 for the operator A/j, while Lemma 5.8 gives 
property (b) in Lemma 5.3. 

To check (c) in Lemma 5.3, assume that h,H e satisfy (5.14) and (5.15). Now define 

the subset J of J(a, b) in the fohowing way. First, include in J all (1, j, £) G E such that x^e^\''J') ^ 1 
for all u G Zj. Then for any j = 1, . . . ,q and i = 1, . . . , jo include (2, j, £) in J if and only if 
has not been included in J (that is, x^l\u) > 1 for some u G Zj) and X^Pi^) < 1 for all 
u G Zj. It follows from Lemma 5.10 that J is dense. (Clearly, J depends not only on N, a and 
b, but on h and H as well.) 

Consider the operator TV = Mj{a,b) : C^'^(C/) — > C^^^(J7). Then Lemma 5.6 (b) implies 
|(L^b h){u) - {L^^h){u')\ < E\b\{M H){u')D{u,u') whenever u,u' G Ui for some i = l,...,k. So, 
it remains to show that 

(5.17) \{L^t,h){u)\ < {MH){u) , ueU . 

Let u G U. If u ^ Zj for any {i,j,£) G J, then f3{v) = 1 whenever a^v = u and therefore 
|(L»(n)| < {M^{PH)){u) = {^H){u). 

Assume that u G Zj e.g. for {l,j,£) G J; then {2J,£) ^ J. Since x^^^ (^t) < 1, /3{v[^\u)) > 1-^ 
and /3(4^^(u)) = 1, using (5.14) one derives 

\{Llh){u)\ < e^-'(^)|/.(t;)| 



/};'(^iH)/3(^;^(^))//(^^(^)) + e^^°'(''2(«))^(^2(u))F('t;2(u))l < iMH){u) , 



+ 

which proves (5.17). This completes the proof of Lemma 5.3. 



6 Linearization of pinched Axiom A flows 

Let M be a complete Riemann manifold, (pt be a flow on M, and let A a basic set for cpf 
In this section we assume that (j)t and A satisfy the following pinching condition: 

(P): There exist constants C > and /3 > a > such that for every x G A we have 
^e°^*||n|| < ||#t(3;) -nil < Ce^"*||u|| , nGS"(x),t>0, 

for some constants ax,(3x > depending on x but independent of u and t with a < ax <: (3x ^ (3 
and 2ax — l^x > oe for all x G A. 

We prove that under this condition the flow (pt on unstable manifolds is locally conjugate to 
its linearization dcpt via (local) maps with uniformly bounded derivatives. This is used in Sect. 

7 to show that the condition (P) implies regular distortion along unstable manifolds over A. 

Notice that when the local unstable manifolds are one-dimensional the condition (P) is always 
satisfied. In higher dimensions a well-known example when (P) holds is the geodesic flow on a 
manifold with strictly negative sectional curvature satisfying the so called ^-pinching condition 
(see [HP] ). For open billiard flows (in any dimension) it was shown in |St2| that if the distance 
between the scatterers is large compared with the maximal sectional curvature of the boundaries, 
then the condition (P) is satisfied over the non-wandering set. 
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It should be remarked that a hnearization of the flow via a family of homeomorphisms exists 
for any flow on any basic set (see Sect. 4 in [PS]), however in general it does not have to be 
Lipschitz. 

Fix constants C > and /3 > q > and for each x S A constants ax < /3x with the properties 
in (P). Throughout we use the notation m(yl) = for an invertible linear operator A. For 

any xq G A and any x G W^ix^), set = Ta,(W,"(xo)). Clearly, • E''{x) = E'"" {(jjtix)) 

for any t < 0. Notice that W^{K) = \Jx&kW'^{x) is a compact subset of M. 

Take eo G (0, 1/2) such that for any x G A, exp^ : £;"(x; eo) — > exp^(^"(x; eo)) C W^^{x) is a 
diffeomorphism. We will assume the constant C > 1 is so large that 

(6.1) ||dexp!^(u)|| < C , ||((iexp!^(n))-i|| < C , x G VF,';(A) , G ^"(x; eo) . 
Choose an arbitrary to > such that 

(6.2) 7 = 8C73e-"*«/2 < 1 ^ 

and fix it. Set / = and fix a constant ei G (0, eo] such that for any x G VFJ^(A) the map 

h = (exp^(,))-i o / o exp^ : E^{x- ei) i?"(/(x); eo) 

is well-defined (and therefore C^). 

For any y G VKJ^(A) and any integer A; > 1 we will use the notation 

fy = ff^-^y) o • • • o ff{y) o fy , fy^ = U THv)^'^ ° ' ' ' ° (//-^fe))"^ ° Uf-^y))'^ , 

at any point where these sequences of maps are well-defined. 
Given e G (0, ei), the set 

A^(e) = G S"(x; e) : exp^(n) G A} 

is the local representative of h in E'^{x). Notice that /~^(A") C A^_ij.^^ for any x G A. 

Our aim in this section is to show that under the pinching condition (P) we can locally linearize 
the maps fx by a continuous family of local diffeomorphisms and that family 'linearizes' the sets 
A^, as well. More precisely, we have the following: 

Theorem 6.1. Assume that (pt and A satisfy the pinching condition (P). Then there exists a 
constant €2 G (0,ei/2] such that for every x G W^^{K) we have the following: 

(a) For every u G E^(x;e2) there exists Fxiu) = lim df^ , JO) ■ fZ^iu) G £^"(x;2e2) . 

p— i-oo J 

Moreover, there exists a constant Ci > such that \\Fx{u) — c^/j-p(^)(0) • fx^{u)\\ < Ci 7^ ll^lP 
for any u G £'"(x,e2) and any integer p > 0. 

(b) The map Fx : i?"(x;e2) — > Fx(E^{x;e2)) C E^{x;2e2) is a diffeomorphism with 
uniformly bounded derivatives. 

(c) For any integer q > 1 we have dfx'^{0) o Fx{v) = Fj~q^x) ° fx''{v) for any v G £'"(x; e2). 

(d) For any G E^{x] €2/2) there exist the limits 

Lx,^ = lim .(/-P(0) o d/-P(0) , Fx,^(,u) = lim dfj {f-P{^)) o f-P{u) . 

Moreover, for the linear map Lx^^ we have ll^a;,^!! < 2, while Fx^^{u) = Lx^^ o Fx{u). 
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As an immediate consequence of the above one gets the following, where we use the notation 
4>x,t = (exp^^(3.p~^ o o exp^ for any x e K and i € M. 

Corollary 6.2. For any x G Wg"(A) we have F^{u) = \mii^^d(f)t{i^^t{x)) ■ (t>x,t{u)- Moreover, 
d(f)t{x) ■ Fx{u) = F0,(^)((^a;,t('u)) fort>0 and u G E''{x) with Ux,ti'^)\\ ^ ^2- 

The rest of this section is devoted to the proof of Theorem 6.1. 

Taylor's formula and the compactness of Wg"(A), imply that there exists a constant D > 
such that 

(6.3) WUv)- Uu)-dUu)-{v-u)\\<D\\v-uf , xGVF«(A),tx,i;G£;"(x;ei). 
Since (pt is C^, we can take D so large that 

(6.4) \\dUu)-dUm\<D\\u\\ , xeW:'^{A),ueE^{x;ei) . 
Combining the latter with (6.3) gives 

(6.5) WUv) - Mu) - dfM ■{v-u)\\<D [\\v - uf + \\u\\ \\v - u\\\ 

for all X G ^^^^(A) and all u,v e .©"(a;; ei). 

Next, for each x G A set = oja; — a/8 and j^x = lix + ot/A. Then 2ax — /3a; > a/2, so by (6.2), 

Assuming ei < min{e"*o/^'5 - 1, (1 - e-"*o/^)/C2} , one derives from (P) and (6.4) that 

(6.6) - e("-+°A6)*o ii^ii < \\df^(^ri) ■ u\\ < Ce^'^--"/^)*" II^H 

for aU X G A, G E'^{x; ei) and u G E^{x). 

Finally, assuming also that ei < 4^77, the above and (6.3) imply 

^^e"*°/i6||u-i;|| < \\fx{v)- fx{u)\\<^xe-'''''^\\u-v\\ , x G A , u, G £;"(x; ei) , 

where I < Hx = ^ e°'^^° < \x = 2Ce^''*° . 

In fact, replacing ei > and 62 > by smaller numbers if necessary, we can arrange that 

(6.7) tix\\u-v\\<\\fx{v)-fx{u)\\<Xx\\u-v\\ , xeW^^{Ay,u,veE^{x;ei) . 

Indeed, assume ei > and €2 > are so small that Gx = (expp~^ oexp!^ : E^{x; ei) — > E^{y; eo) 
is well-defined for y G W^^{x), x G A; it is then a map with uniformly bounded derivatives. 
Since = id, dG% can be made arbitrarily close to id taking €2 > sufficiently small. Fix S > 
so small that (1 + 5)^ < e°*"/^ and (1 - 5f > e""*«/i6^ g^^^ ^^^^ ^^^^^ ^/^ > and €2 > so 
smah that \\dGl - id|| < S and ||G^(n)|l < ei for ah x G A, y G W^^^{x) and u G E''{x;e[). Given 
xo G A, X G W^^{xo) and u,v E E'^{x; e[), setting u' = G^°{u), v' = G^°{v), it is easy to see that 
||/a:('") - fx{v)\\ < Xx \\u - v\\. Similarly, ||/a;(n) - fx{v)\\ > Hx \\u - v\\. Now replacing ei by e'^ 
proves (6.7). 
Notice that 

(6.8) 11-'^ = 8C^ e.^0---^&-)to < 7 < 1 , x G A . 
The following is the main step in the proof of Theorem 6.1. 
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Lemma 6.3. There exist constants Ci > 0, ei G (0, cq] and 62 G (0, ei/(2Ci)] with the following 

properties: 

(a) If z £ VFJ^(A) and \\fziv)\\ < €2 for some v £ E^{z;ei) and some integer p > 1, then 
\\df^{Oyv-f?{v)\\ < Ci \\f^{v)f, andtherefore ||d/?(0)-^;|| ^ 2||/|'(i;)J| . SimUarly, if\\dfJ{Q)-v\\ < 
€2 for some v G £^"(z;ei) and some integer p > 1, then \\fz{v) — dfziO) ■ v\\ < Ci \\dfz{0) ■ vW^, 
and so \\fP{v)\\<2\\dfP{0)-v\\. 

(b) Ifze W^^{A) and \\fS{v)\\ < €2, < ^2 for some v,$, G ^"(z;e2) and some integer 
p>l, then WdfiiO ■ V - dfm ■ A < Ci lld/KO) ■ v\\ \\f^{Ol 

(c) For any y G VFg"(A) and any integer p > 1 the map Fy'^ = df^_p^y^{0)o{f^)~^ : Ey{e2) — > 
Ey{2e2) is such that 

F^P\a)-Flf\b)\-[a-h]\<C^ - 6f + ||6|| • ||a - , a, 6 G £2) . 

Similar estimates hold for the map /J-p(j^) o {dfy{^))~^ '■ E'^{y\^2) — > -S"(j/;2e2). 

(d) For any y G W^^{A), any rj G E'^{y\e2) and any integer p > 1 the linear map 

L^l = dfj-.^y^if^^iv)) o (d/AO))-! : E-{y) E-{y) is such that ||Lg(a) - a|| < Ci ||a|| ||r?|| 

for all a G E'^{y;e2), so \\L^}^\\ < 2 for all p. 

The proof of this lemma is given in Appendix A. 

Proof of Theorem 6.1. Let 62 G (0,ei/(2Ci)] and Ci > 1 be as in Lemma 6.3. Fix arbitrary 
xq G A and x G W^" (xq) and set Xp = f~^{x) for any integer p>0. (Notice the different meaning 

of this notation here.) In what follows we use the maps F^^ (y G A, p > 1) from Lemma 6.3. 

(a), (d) Given n,^ G E''{x,e2/2) and p > 1, set Up = F^\u) G £;"(x;2e2), Cp = 
To show that the sequences {up} and (p are Cauchy, consider any q > p and set v = fx^{u) G 
E'^(xr),e2). By (6.7), \\v\\ < - — „ . Prom Lemma 6.3(a) we know that ||vo-d — ■ull < Ci Iblp, 

^ ^ ' / Mil A^X]^ 1^X2 ••■H'Xp ^ II f N nil 

i.e. \\df^l~^\0) ■ {fx}'^'^\v)) - v\\ < Ci \\v\\^ . Applying dfSM to the latter and using the 
estimate for and (6.8), we get 

\\ug - up\\ = WdfXiQ) ■ {f-\u)) - df^O) ■ v\\ < A,^_, ... A,, Ci \\vf < C, Y • 

Thus, {up} is Cauchy, so there exists Fx{u) = linip^oo Up. Moreover, letting g ^ 00 in the above 
gives ||i^a;(n) — Up\\ < Ci 7^ \\u\\'^ for all u G E'^{x; €2) and p>l. 

In a similar way, \\(^q — < C'lT^ \\^\\, so {Cp} is Cauchy. Thus, there exists L^^^iu) = 
limp_^oo ^^\(.'^)- Moreover, letting g — )■ 00 in the above gives \\Lx^^{u) — L^^^(u)|| < Ci 7^ ||^|| 

for all u G E''{x;e2/2) and p > 1. By Lemma 6.3(d), < 2 for all p > 1, so \\L^,^\\ < 2, as 

well. 

It remains to show that Fx^^{u) exists and F^^g(n) = L^^^ o Fx{u). Setting = fx^iO: we 
have 

df^^p) ■ t'iu) = 41 ° (^/^.(O) • f^'iu)) = 41 o F^\u) . 

Next, 

\\L,,^{F,{u)) - 4^)(Fi^')(u))ii < iiL.,5(F.(^)) - 41(^-w)ii + ii41(^- - 

< C, Y \\Fx{u)\\ m + 2\\F,{u) - f(p\u)\\ ^ 



27 



as ^? ^ oo. Thus, there exists Uirip-^oo L]^^{Fx {u)) = Lx,^{Fx{u)). 

(b) Given u,v E E'^{x; 62) and p > 0, it follows from Lemma 6.3(c) that 

\\{up - Vp) - (n - ?;)|| < Ci [\\u - vf + \\v\\ ■ \\u - v\\] . 

Letting p ^ 00, gives ||F^(tt) — Fx{v) — {u — v)\\ < Ci [\\u — vW^ + • \\u — v\\]. In particular, 
there exists dFx{0) = / = id. 

It remains to show that F^ is a diffeomorphism. Assuming ei G (0, cq] and 62 G (0, ei/(2Ci)] 
are small enough, G% = (expp~^ o expj! : £'"(x;ei) — > £'"(y;eo) is well-defined and (with 
uniformly bounded derivatives) for y € W^^{x). Moreover, there exists a constant Di > such that 
for any such x,y and u,v € E'^{x;ei) we have ||£iG|(t;)|| < Di, ||G|(m) — G|(i')|| < Di\\u — v\\, 
\\dGl{u) - dGl{v)\\ < Di\\u - v\\, and \\G%{u) - Gl{v) - dGl{v) ■ {u - v)\\ < Di \\u - vf for 
\\u\\, \\v\\ < e\. 

Given x, y bs. above, set Xp = f~P{x), yp = f~^{y), and notice that 

(6.9) Gyofl{w) = floGZ{w) 

for any w € £'"(xp,ei) with \\fSp{w)\\ < ei. 

Let 4 € i?'"(x; €2/2). Setting y = exp^(^) and rj = (exp^)~^(x), we have G%{^) = and 
G|(0) = 77. We will show that 

(6.10) F^iu) = dG-yiv) o Ly,^ {Fy o Gliu) - Fy{r])) , 
for any u G £?"(a;; 62/2). This would imply that there exists 

dF^iO = dG-y{r,) o Ly,, o dFyiO) o dGl{i) = dG^yirj) o L,,, o dGHO , 

so Fx is on £;"(x;e2/2). 

To prove (6.10), consider any u G E'^{x; €2), and set v = G%{u) G E'^{y), Up = dfSp{0) • fx '\u), 
Vp = dfliO) ■ fy^iv), Cp = dfXiO) ■ fx^'iO, Vp = dfl{Q) ■ fy^iv), Up = fx^in), Vp = fyP{v), 
ip = fx^iO, Vp = fy^iv)- Then by (6.9), GZ{up) = Vp, GlUip) = and 6^^,(0) = fjp. Thus, 

Up = Gll{vp) - Gll{fip) = dGll{fip) ■ (vp - Vp) + Wp , 

for some w'p with \\Wp\\ < Di \\vp — ?7p|p, and therefore, using (6.9), 

Up = dfX (0) • Up = dfl (0) o dGZ (fjp) ■{vp-fjp) + dfX (0) • w'p 

= dGl iv) o dfl (fip) ■{vp-fip) + dfl (0) • w'p 

Next, df^^{fjp) ■ {vp - fjp) = L^l o F^\v) - L^l o F^\ri) Ly^ri « Fy{v) - Ly^ri o Fy{ri) as p ^ 00, 
and 

N/^,(o) • w'pW <Xx,... Xx, Ww'pW < Dl M Ml < Df Y \\u\\ M , 

H'xi ■ ■ ■ f^Xp 

so limp^oo \\dfxp{^) ■ w'pW = 0. Thus, Fx{u) = limp^oo Up = dG:^{ri) o Ly^r, ■ {Fy{v) - Fy{r])) , which 
proves (6.10). Hence Fx is on £^"(a;; 62/2). Replacing €2 by a smaller number we have that Fx 
is on E''{x;e2). 

(c) This follows easily from the definition of F3; . ■ 
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7 Ball size comparison in Bowen's metric 

Let M he a Riemann manifold and let A be a basic set for a flow : M — > M satisfying 
the pinching condition (P) from Sect. 6. 

Let n be the dimension of the (local) unstable manifolds W^{x), a; G A. 

Theorem 7.1. Assume that (f)t and A satisfy the condition (P). Then A has a regular distortion 
along unstable manifolds. 

To prove Theorem 7.1 we will first establish the following local version of its. 

Lemma 7.2. There exists a constant £3 > with the following properties: 

(a) For any x £ A and any < S < e < €3 there exist a constant C = C{x,5,e) > and 
an open neighbourhood Vq = Vo{x,6) of x in W^^{x) fl A such that diam (A n i?^(^_T(y), e)) < 
Cdiam (A n B^{(p_Tiy),S)) for any y eVq and any T > 0. 

(b) For any x E A and any < e < €3 there exists an open neighbourhood Vq = Vo{x,€) of x 
in W^^{x) n A with the following property: for any p G (0, 1) there exists 5 G (0, e] such that for 
any y G Vb and any T >0 we have diam (A fl Sj.((^_T(y), (5)) < pdiam (A fl Sj.((^_T(y), e)) . 

Fix to > with (6.2). The compactness of A and the smoothness of the flow imply the 
existence of a constant C2 > 1 such that 

(7.1) d{4>t{y),Mz))<C2d{y,z) , y,z e A ,\t\ <to . 

For a non-empty set X C E^{x) and r > set 

i{X) = su-p{\\u\\ : u e X] , X{r) = {ue X -.WuW <r} . 

Before proving Lemma 7.2 we will first use it to derive Theorem 7.1. The proof of the following 
consequence of Lemma 7.2 is straightforward and we omit it. 

Lemma 7.3. There exists a constant ig G (0, €3] with the following properties: 

(a) For any x G A and any < S < e < eo there exist a constant Rx = R{x, 6,e) > and an 
open neighbourhood Ox of x in A such that ^ (A fl Bj,{z, e)) < i?^ ^ (A fl Bj,{z, 6)) for any z G A 
and T > with 4>Tiz) G Ox- 

(b) For any x £ A, any < e < eg and any p G (0, 1) there exist 8 G (0, e) and an open 
neighbourhood Ox of x in A such that £ {An B^(z, 5)) < p£{Ar\ Bj^{z,e)) for any z & A and 
T > with (t)T{z) £Ox. m 

Proof of Theorem 7.1. Choose eg > as in Lemma 7.3. 

(a) Let < (5 < e < eg. It follows from Lemma 7.3(a) that for any x G A there exist a 
constant Rx = R{x, 6,e) > and an open neighbourhood Ox of a; in A such that £{Ar\Bj,{z, e)) < 
Rx£{A n Bj,{z,S)) for any z £ A and T > with (f)T{z) G Ox- Since A is compact, there exist 
finitely many neighbourhoods Ox^ , ■ ■ ■ , Ox^ covering A. Then R = 2 maxi<j<j„ Rxj > satisfies 
(7.1) for any 2; G A and any T > 0. 

The proof of part (b) in the definition of regular distortion along unstable manifolds is similar 
and we omit it. ■ 

The rest of this section is devoted to the proof of Lemma 7.2. 
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For y S A, e € (0, eo] and an integer p > 0, set 

B;{y,e) = {veE^{y;eo):\\f^{v)\\<e}. 

Since the maps fz are expanding distances on E^{z;ei), clearly v € Bp{y,e) is equivalent to 
<efor all j = 0, 1, . . . ,p. 

Choose the constants < e2 < ei < eo and Ci > 1 as in Sect. 6, assuming that 6e2 Ci < 1. In 
what follows we will use the notation from Sect. 6. 

Assuming ei G (0, eg] is sufficiently small, for any x G A and y G A fl W^^ (x) the local 
holonomy map T-L% : W^^{x) — > ^eoiv) along stable laminations is well-defined and uniformly 
Holder continuous (see e.g. [HPS] or |PSWj ). Further, we will assume that the constant €2 from 
Lemma 6.3 is chosen so small that for any x G A and any y G A fi W/^(x) the pseudo-holonomy 
map 

nl = (exp^)-i o m o exp^ : E^{x; e^) E^{y; 61) 

is well-defined and uniformly Holder. Notice that T-Ci{K^{e2)) C A^(ei) for any x G A and any 
y G An W,';(x). 

Thus, instead of dealing with sets of the form A n Bj,[(j)-T{y)^ e) in Lemma 7.2, it is enough 
to prove the analogous statements for sets of the form A n Bp^^{f~'P{y),e), p > 1, which in turn 
combined with the local uniform Lipschitzness of the maps exp^ leads to analogous statements 
for sets of the form ly^^y-^ie) D BJ^{f-P{y), e). 

Recall the maps from Theorem 6.1. For the proof of Lemma 7.2 we will also need the sets 

B;{z,e) = {ueE^{z):\\dfm-u\\<e} , A^ = F,(A^(62)) C i^"(x; 262) , 

and the maps T-Ci = Fy o Tlx o (Fx)^^ ■ E^{x; €2) — > E^{y; ei) . Clearly we can take 62 G (0, £2] 
independent of x and y so that the above is well-defined and uniformly Holder for any x G A and 
any y G A PI (x). Moreover we have ?^^(A"(e2)) C A^(e2) • Another property of the sets A" is 
contained in the following immediate consequence of Theorem 6.1. 

Corollary 7.4. For any x G A, any e G (0, £2/2] and any p > 1, setting Xp = /~P(x) we have 
c^/^p(0)(A^,(e)n5;^(xp,e)) C A^e) . More generally, d(t>t{x) -klie) C A^^^^^ie) for all x e A,t < 
and e G (0, €2]- 

The following lemma is rather important for the proof of the central Lemma 7.2. It describes 
some sort of a 'tangent bundle' E'^{x) (x G A) to the set A which is (i</>t-invariant and has some 
continuity properties, as well. 

Given x G A, let rux > 1 be the minimal integer such that there exists e(x) < 62 with 
dim(span(A"((5))) = nix for all < 5 < e(x). Then the linear subspace E'^{x) = span(A"((5)) is the 
same for all 6 G (0,e(x)]. Corollary 7.4 shows that m^^^^^^ = nix and d(l)t{x){E\{x)) = E\{4>t{x)) 
for all X G A and t G M. 

Lemma 7.5. There exists an integer m such that rUx = m for any x G A. Moreover, for any 
X € A we have E'^{x) = span(A"(e2)), where €2 > is as above, and there exists e = e(x) G (0, eo) 
such that E\{y) depends continuously on y G W^{x) n A. 

Proof of Lemma 7.5. Set m = min^jgA n^-x and let y G A be such that ruy = m. Let e = e(y) G (0, e2] 
be small enough so that E'^{y) = span{Ay{6)) for all 5 G (0, e]. Let vi, . . . ,Vm G A^(e) be a linear 
basis in E\{y). Assume that < (5 < min{e2/6, e/6}, where e2 G (0, ei/(2Ci)] is as in the proof 
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of Theorem 6.1. We will now use the map Gx = (exp^)~^ o exp" : E'^{x;ei) — > E'^{y;eo) and 
formula (6.10) from that proof. 

Let X G A n Wg^{y). We will show that rrix < m, so we must have nix = Setting 
rj = (expp-i(a;), (6.10) holds for any u £ ^"(a;;e2). Clearly r] G A^(5), so Fy{r]) G A^(25) 
(since by Theorem 6.1 (b), ||-Fj,(^/)|| < 2||?7||). Thus, Fy{ri) is a linear combination of the vectors 
vi, ...,Vm- Given u' G A"(5), we have u' = Fx{u) for some u G A!^(2(5). Then G^(n) G A^(3(^), 
so Fy{Gx{u)) G Ay (6(5) C A^(e), and therefore Fy{G%{u)) is a linear combination of the vectors 
vi, . . . ,Vm- Thus, u' = Fx{u) = dGy{r]) o Ly^ri {Fy o Gx{u) — Fy{rj)) is a linear combination of the 
vectors Wj = dGy{ri) o Ly^^j ■ Vj (j = 1, . . . ,m), so dim(span(A!|!((5))) < m. Hence tUx < m, and 
therefore nix = n^- Moreover, it follows from this argument that span(A"(5)) = E'p^{x) for any 
a; G A n W^{y) and any < (5 < min{e2/6, e/6}. 

We now claim that = m for any z G A. Assume that > m for some z G A, and 
take e' G (0,62] so small that span(A"(e")) = E'l{z) for ah e" G (0, e']. Let ni,...,Um^ G A"(e') 
be a linear basis in E\{z). Take ^ G (0,62] so small that for any z' G W^[z) n A the vectors 

Uj{z') = Til' (uj) (j = l,...,niz) are linearly independent in E^{z'). By Corollary 7.4 these 
vectors belong to A",(e2). Let y € A and e = e(y) > be as above and let < 5 < min{e2/6, e/6}. 
It is well-known (see e.g. |KH] ) that if T > is sufficiently large, then (l)t{W^{y)) n W^{z) / for 
any t >T. Take T > with this property so that e""^/C > €2- Then for some x G Wg{y) PI A and 
some t >T we have = (pti-c) G ^^^(z) R A. The choice of T and t >T imply d(/)t{x){E^{x; 5)) D 
E^{z';e2), so by Corollary 7.4, d(/)t(x)(A"((5)) D A" (£2). Since dim(span(A"((5))) = m, we now 
get dim(span(A", (€2))) = m, a contradiction with the linear independence of the vectors Uj{z') = 
H^' (uj) (j = 1, . . . , niz) and > m. Thus, niz = m for all 2: G A. 

Using the above notation (with = m), by the previous argument, for any z' G W^{z) PI A 
the vectors Uj{z') = Ti^' (uj) (j = l,...,m) provide a basis for E\{z'), so the latter depends 
continuously on z' . Moreover, repeating the above argument we can see that dim(span(A"(e2)) 
cannot exceed m, so we must have span(A^(e2)) = E^{z). The same argument can be applied to 
any z" G W^{z) D A. M 

Proof of Lemma 7.2. Notice that if x G A and z = Xp = f^^{x) for some p > 0, then for any 
e G (0, £2] we have 

(7.2) A«(e/2)nS«(z,e/2) cF,(A^(e)n5;;(z,6)) C A^(26)n5;;(z,2e) . 

(a) Let X G A. Given y G A and an integer p > 0, set yp = f~^{y) G A. According to (7.2), it 
is enough to prove the following 

Sublemma 7.6. For any < (5 < e < 63/2 there exist a constant D = D{x, 5,e) > and an open 
neighbourhood Vo of x inW,'^{x)nA such that i (li'^^ie) D B^{yp,e)^ < D 1 (li'^^id) D B^{yp,5)^ 
for any y G Vq and any integer p > 0. 

Proof of Sublemma 7.6. Choose e(x) G (0,62] so that E\{y) depends continuously on y G 
W^*^^^(x) n A. For any y G TVj*^^j(x) n A choose and fix an orthonormal basis ei(y), e2(y), . . . , em{y) 
in E'p^[y) which depends continuously on y. 

Let < (5 < e < €2/2. By the definition of E'^{x) and Lemma 7.5, there exist ui,U2, ■ ■ ■ , G 
A!^((5/2) which are linearly independent. Set A = A{x,6) = Volm, [^^i , ^^2 , • • • , "Um] > , where 
[ui,U2, . . . ,Um] denotes the parallelepiped in E'^{x) determined by the vectors ui, . . . ,Um, and 
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Uj{y) = Hi:{uj) for any j = 1, . . . ,m. Choose an open neighbourhood Vq of a; in 

that 

A 



s 

e{x) 



(x) n A such 



(7.3) 

and 
(7.4) 



Yo\m[uiiy),U2iy), . . . ,Um{y)] > 



2/ G Vb , 



< \\uj{y)\\ < 2\\uj\ 



y G Vb , 1 < J < m . 



Then Uj{y) G A^(5) for all j = l,...,m. Let Ly = L{x,y,5) : E'^{y) — > E'^iu) be the linear 
operator such that LyUj{y) = ej{y) for all j = 1, . . . , m. It follows from (7.3) and (7.4) that there 
exists a constant b = b{x,6) > (determined by A and \\ui\\, . . . , \\um\\) such that \\Ly\\ < b for 
all y e Vq. 

Fix for a moment y G Vq. Consider an arbitrary integer p > 1 and set z = f~^{y) € A. Given 
V S A"(e) n B'p{z,e), we have \\dfz{0) ■ v\\ < e < £2/2, so by Corollary 7.4 and Lemma 7.5, we 
have u = (i/f (0) • t; € A^(e) C E''^{y). Consequently, u = YTILi '-s "^siu) for some real numbers Cg, 

\L. 



so LyU = J27=i CsLy{us{y)) = YZ=i (^^esiy) ■ Thus, 



|Lj^u|| < 



u 



< eb , and so 



\cs\ < eb for all s = 
it now follows that 

M = \\dfy''iO)-u\\ 



1, . . . ,m. Since vj = dfy^{0) ■ Uj{y) G A^((5) n B'^{z, 5) for all j = 1, 



Y,csdf-p{o)-My) 



s=l 



< meb max 

l<s<m 



< mebi{A^{d)nB^{z,S)) 



Hence i l^A'^ie) D B^{z,e)j < D i l^A'i (S) D B^^{z, 5) j , where D = D{x,5,e) = meb. This con- 
cludes the proof of the Sublemma and thus the proof of part (a) in Lemma 7.2. 

Proof of Lemma 7.2(b). We will essentially repeat the argument in the proof of Sublemma 7.6. As 
before, it is enough to prove the analogous statement for sets of the form A'j_p^^-^{e)riBp{f^'f{x), e). 

Choose e(a;) as before and for each y G ^J(a;)(a^) n A an orthonormal basis {ej{y)} in E'^{y) 
depending continuously on y. Let < e < 63/2 and p € (0, 1). As in the proof of the Sublemma, 
there exists a basis ui, tt2, . . . , Um in E'jl{x) with Uj G A"(e/2) for all j = 1, 2, . . . , m. Let Ly = 
L(x,e) : EJ^{y) — > E'^{y) be the linear operator such that LyUj{y) = ej{y) for all j = 1, . . . ,m, 
where Uj{y) are defined as in the proof of the Sublemma. Choose Vq and b = b{x,e) > as 
before, replacing S by e. Let < S < minje, ^} . Then given y G Vq and an integer p > 1, 
set z = f~^{y) G A. As in the proof of the Sublemma, for v G A"((5) Pi Bp{z,S) one obtains 
\\v\\ < mSbi{A.^{e) n B^{z,€)). Thus, e{A'^{S) n B^{z,S)) < p£(A^(e) n S^(z, e)). ■ 



8 The lower unstable pinching condition 

Let again M be a complete Riemann manifold, (pt be a flow on M, and let A a basic set for 
(f)t. Throughout we assume that (pt and A satisfy the following lower unstable pinching condition: 

(LUPC): There exist constants C > and 0<a<P<a2< fii, and for every x G A constants 

ai{x) < /3i{x) with a < ai{x) < I3i{x) < (5 and 2ai{x) — /3i(a;) > a and a d(f)t -invariant splitting 
E'^{x) = Ef(x) © (^); continuous with respect to x & A, such that 

^e"i(^)*||-u|| < ||#t(x)--u|| <Ce^i(^)*||«|| , u&El{x),t>Q, 

and 

^e'^^*\\u\\<\\d(t)t{x)-u\\<Ce^^^\\u\\ , ueE^{x),t>(i. 
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Clearly the pinching condition (P) from Sect. 6 is (LUPC) in the special case when ET^ix) = 
for all X € A. In (LUPC) the lower part of the spectrum of d(l)t over E'^ is (point-wisely) pinched, 
however there is no restriction on the rest of the spectrum, except that it should be uniformly 
separated from the lower part. 

Under the above condition the distribution -Eg (x) {x € A) is integrable (see e.g. [Pes]), so 
(assuming eo > is small enough) there exists a (/)t-invariant family W^g'^{x) (x G A) of 
submanifolds of W^^{x) such that Tx{Weo'^ (x)) = (^) x € A. Moreover (see Theorem 6.1 

in [HPS] or the proof of Theorem B in |PSW| ). for any x € A, the map AnW^^{x) 9 y H- (y) is 
C^. However in general the distribution £'"(x) (x G A) does not have to be integrable (see [Pes]). 

In this section we make the additional assumption that Ef{x) (x E A) is integrable: 

(I): There exist eo > and a (j)t-invariant family WeQ^{x) (x € A) of submanifolds ofW^^{x) 
such that Tx{We^^^{x)) = Ef{x) for all x G A, and moreover for any e > and any x £ A, 
A n W^{x) is not contained in We''^{x). 

Roughly speaking, the latter means that the distribution Ef{x) 'plays an essential role' in the 
dynamics of the flow over A. 

Our aim in this section is to prove the following. 

Theorem 8.1. Let (pt and A satisfy the conditions (LUPC) and (I). Then (pt has a regular 
distortion along unstable manifolds over A. 

Clearly this theorem is much more general than Theorem 7.1. Its proof is a simple generaliza- 
tion of what we did under the pinching condition (P) in Sects. 6 and 7. As before, given x G A 
and e > 0, we have to deal with diameters of sets of the form f~^{A n B{x,e)) (p > 1), where 
/ = (j)t(^ for some sufficiently large to > 0. Obviously, going backwards along the flow, the greatest 
expansion occurs in the direction of vectors in E^, so the diameter of /"^(A n -B(x, e)) would be 
comparable with that of its 'projection' 7r"'^(/~P(A n B{x,e))) to the corresponding leaf of W^'^ 
(see Lemma 8.2 below). The behaviour of dcpt on Ef (and that of (pt on W^'^) is very similar to 
what we had in Sects. 6 and 7, and we use the arguments from there to compare diameters of 
sets of the form 7r"'i(/-P(A n S(x, e))). 

We now proceed with the proof of Theorem 8.1. So, we assume that (pt and A satisfy the 
conditions (LUPC) and (I). 

Notice that, since the splitting Ef{x) -Ef (x) depends continuously on x and A is compact, 
the angle between Ef{x) and -£^2 (^) uniformly bounded below by a positive constant. So, the 
local submanifolds W^g^{x) and Weo'^{x) of W^^{x) are (uniformly) transversal. Moreover, taking 
ei G (0,eo] and 62 G (0, ei] sufficiently small, for any y,z £ W^"(x) n A with d{y,z) < £2, the 
submanifolds Wei^{y) and Wei'^{z) of W^^^{x) are transversal and of complementary dimension, 
and intersect at a single point [y,z]^ = Wei^{y) H Wej'^{z) . It follows immediately that the so 
defined local product has the usual invariance, namely (pt{[y,z]^) = [<Pt{y),4't{z)]'^^^^-^ for t < 0. 
However, in general [y, zV!^ does not have to belong to A. We can now define the projection 
vr^'^ : W^ix) n A ^ W^;^{x) along T^"'^ by 7r^'^(y) = [x,y]^. 

In what follows for any u G £'"(x), x G A, we will use the notation u = ui + n2, where 
Ui G E'^ix) for z = 1,2. Setting ||n||' = max{|[ni||, ||u2||} defines a norm on E'^(x) equivalent to 
the original norm ||?/|| defined by the Riemann metric on M. For a non-empty subset X of -E"(x) 
let diam'(Ar) be the diameter of X with respect to || • ||'. 

Fix an arbitrary and sufficiently large to > as in Sect. 6 and set / = (ptf^. Then / is 
a partially hyperbolic diffeomorphism with respect to the invariant splitting E{x) = E^{x) © 
(£;°(x) © £;f (x)) © E^{x) with E^ix) = E^{x) © E^f (x), and it follows from Theorem A' in 
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[PSWj that the local holonomy maps along the lamination W^''^ through A are ^-Holder for some 
sufficiently small 9 > 0. In particular, the projections ttx'^ are uniformly continuous, and it follows 
from this that if {x^} and {nm} are sequences in A with y^, € W^^{xm) for all m, Xm -> a; G A 
and y ^ W^^{x) as m ^ oo, then iTxl!,{ym) 7r"'\y) as m ^ oo. 

Assuming that eg > is sufficiently small, for each x € A there exists a diffeomorphism 
'■ E^{x;eo) — > W^^{x) such that {^x)\E^{x;to) • ^fi^'^o) — ^ l^eo'*(^) is the corresponding 
exponential map for i = 1,2. We can choose ^x in such a way that the diffeomorphism (exp")~^ o 
^x has uniformly bounded derivatives, so in particular if C > is sufficiently large, then 
^ ||n — wll < d{^x{u), ^xiv)) < C \\u — v\\ for all x €z A, u,v € E^{x; cq). Moreover, since the leaves 
of the distribution W'^''^ are in W^, assuming again that eo > 0, ei G (0, eo] and €2 € (0,ei] 
are sufficiently small and the constant C > is sufficiently large, for every x € A and every 
y G A n W^^ (x) we have 

(8.1) ^^<di7T^'\y),x)<C\\vi\\ , v = {v,,v2) = i^x)-Hy)- 

Next, assuming that ei G (0, eo] is sufficiently small for any x G A the map 
fx = 0/0$,: E^{x- ei) E^ifix); eo) 

is well-defined and therefore C^. It is important to notice that 

fx{Er{x;ei))cEr{f{xy,eo) , i = 1,2. 
As in Sect. 6, for any y G A and any integer k > 1 we will use the notation 

fy = ff-^y) ff{y) ° h ' fy^ = Uf-^y))'^ (ff-Hy))'^ ° (ff~Hy))'^ ' 

at any point where these sequences of maps are well-defined. Finally, for x G A and e G (0, eo] set 

A^(e) = {^.Gi?"(x;e):<I>,(n)GA}. 

As before we have /~^(A^(e)) C A^_i^^,^(e). 

Lemma 8.2. For any e G (0,ei] there exists uj^ > such that for every x G A there exists 
u G A^(e) with \\ui\\ > oj^. 

Proof. Let e G (0, ei]. According to (8.1), it is enough to show that there exists uj'^ > such that 
for every x G A there exists y G A n W^^{x) with d{x , ttx'^ (y)) > uj'^. Assuming this is not so, 
for every integer m > 1 there exists Xm G A with (i(xm,, 7r"^(y)) < 1/m for all y G A n W^{xm)- 
We may assume Xm ^xGAasm— )-oo. The condition (I) implies that there exists y G 
A n W^^^{x) \ W'^jlix). Then z = 7r"'^(y) / x. Setting y^ = Wx^{y), where "H^™ is the local 
stable holonomy map (see Sect. 7), we have ym G A n W^{xm) for all sufficiently large m and 
2/m — >■ y as m — )• cxD. Hence 7r"^(ym) — > 7r"'"^(y) = z, so for all sufficiently large m we have 
d{T^x'^{ym),Xm) > d{z,x)/2 > 0. This is a contradiction with d{Trxll{ym)tXm) < 1/m implicated 
by the choice of x^. ■ 

Next, for any y G A, e G (0, €2] and p > 1 set 

B:'\y,e) = {vi G i?r(y;e) : 3^ = ivi,V2) G A"(e) with \\fPiv)\\' < e} , 
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and B;{y,e) = {v € E^{y-e) : ||/^(t;)|r < e}. Clearly, 

(8.2) diam'(5-'H2/, e)) < diam'(S;;(y, e) n A^(e)) . 

The following consequence of Lemma 8.2 is derived by using some well-known arguments (see 
e.g. Appendix A.l in [BRj ). 

Lemma 8.3. Choosing ei > sufficiently small, for any e G (0,ei] there exists an integer p,: > 1 
such that 

(8.3) diam'(S;:(y, e) n A^(e)) < diam'(5«'i(y, e)) 
for every y € A and every integer p > Pe- 

Proof. Fix constants Ai < ^2 such that e^*° < Ai < ^2 < e"^*°. Using Taylor's formula, there 
exists a constant D > such that 

(8.4) \\f-\u)-f-\v)-df~\v)-{u-v)\\<D\\u-vf , xeA,u,veE^{x;eo). 

Take ei G (0,eo] such that Dei < min{l/^2 - e-^^to ^ g-l^to _ i/Ai}. Given e G (0,ei], let 
ci;^ > be as in Lemma 8.2 and let p^ > 1 he the least integer so that {^2/^1)^^ > e/^e. 

Setting /-^(u) = {{f-^)^^\u), (f-^Y^^u)), for any x G A and u G ^"(x;eo), (8.4) implies 

fx\u) - f-\m,0) = df-\ui,0) ■iO,U2) + V, 

where ||u|| < D ||u2|p. Comparing the £"2 -coordinates and using the choice of ei gives 

\\{f^'Y'Hu)\\ < \\df-\m,0) ■ (0,U2)|| + ||t;2|| < ^^ + D\\u2f < ^ . 

In a similar way one gets ||(/2r"^)*'"'"''(^)ll ^ U— . 

Ai ^ ^ 

Let y G A and p > be an integer. Let w = {wi,W2) G B'p{y,e) n A^(e) be such that is 

the maximal possible. Since wi G Bp'^{y,e), if HtfiH > \\w2\\, then > \\vu\\' , and so (8.3) is 

trivially satisfied in this case. 

Assume that \\wi\\ < \\w2\\; then \\w\\' = \\w2\\. Set x = f^{y) and C = fy{w); then ^ G A"(e). 
By Lemma 8.2 there exists u G A"(e) with > uj^. Now < e implies > (w^/e) IIC2II1 
and it follows from above that 

\\{k'i'\u)\\ > M > (j^^iMM > (,^/,) ii(/-^)(^)(c)ii . 

Using this argument by induction, for f = fx^{u) G i?p (y, e)nA^(e) we get ||fi|[ > (w^/e) (/U2/Ai)p ||w2|[ > 
||w2||. Thus, diam'(Sp'^(y,e)) > > ||w||' = diam'(i^^(y, e) n A^(e)). ■ 

To prove Theorem 8.1, it remains to compare diameters of sets of the form Bp'^{y,e). As in 
Sect. 7, the main step is the following lemma whose proof follows the arguments from Sects. 6 and 
7 with some small modifications. For completeness we sketch its proof in Appendix B omitting 
most of the details. 

Lemma 8.4. There exists a constant €3 G (0, 62] with the following properties: 
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(a) For any x £ A and any < 5 < e < there exist a constant R = R{x, 5, e) > and an 
open neighbourhood Vq = Vo{x, 6) of x in W^^{x) n A such that 

(8.5) die.m{B;'HrP{y),e)) < Rdmm{B;'Hf-P{y),5)) 

for any y € Vq and any integer p > 1. 

(b) For any x G A and any < e < 63 there exists an open neighbourhood Vq = Vo{x,e) of x 
in W^g{x) n A with the following property: for any p G (0, 1) there exists 5 E (0, e] such that for 

any y £Vq and any integer p >1 we have diam (^Bp'^{f~^{y),5)^ < pdiam (^Bp'^{f~'P{y),e)^ . 

Proof of Theorem 8.1. As in Sect. 7, we first derive the existence of a constant eo € (0,63] witli 
the following properties: 

(i) For any x G A and any < 6 < e < there exist a constant R^ = R{x, 6,e) > and an 
open neighbourhood Ox of x in A such that £ (j3^'^{z, e)^ < Rx^ {b^^{z, 5)^ for any z € A and 
T > with (I)t{z) € Ox- Here 

B^'^(z,e) = {vi G EUz;e) : = {vuV2) G A^(e) with \\^^^^^^ o c^t o <^,iv)\\' < e} . 

(ii) For any x G A, any < e < eo and any p G (0, 1) there exist 6 G (0, e) and an open 
neighbourhood Ox of x in A such that £ 5)) < p£ (^B^'^{z, e)) for any z G A and T > 
with (priz) G Ox- 

We now proceed as in Sect. 7 to derive Theorem 7.1 from Lemma 7.3. ■ 

9 Non-integrability conditions 

The non-integrability condition of Chernov |Chl| and Dolgopyat [D2j can be stated as follows: 

(UNI) : There exist constants a;2 > wi > and eo > such that for any z G A, x G A fl VFg"(z) 
and y G A n W^^{z) we have uJi d{z, x) d(z, y) < [A(x, y)\ <0J2 d{z, x) d{z, y). 

It is easy to see that (UNI) implies (LNIC) with ^o = L Indeed, given an arbitrary G A and 
any z G A n VF^" (zo), assume h G E^{z) is an arbitrary tangent vector to A at i with ||6|| = 1. Set 
z = z and choose an arbitrary y G A n W^^^ (z) \ {z} close to z. Since 7ry(z) = [z, y] — > y as z — > z, 
there exists e' G (0,eo) such that for any z G W^{z) n A we have d{z,7ry{z)) > ^d{z,y). Given 
such e' > and z G W^{z) n A, for any x = exp"(ti) with v G E'^{z), \\v\\ < e', (UNI) implies 

di z V) 

|A(x, 7r^(z))| > oji d{x, z) d{z, TTy{z)) > loi d(x, z) — ^ — = 5 \\v\\ , 

with 6 = ii^M). This proves (LNIC). 

Next, assume that (pt is a contact flow on M with a invariant contact form w. The 
following condition says that dco is in some sense non-degenerate on the 'tangent space' of A near 
some of its points: 

(ND): There exist zq G A, e > and po > such that for any z G A n VF"(zo) and any unit 
vector b G E'^(z) tangent to A at z there exist z G A n W^"(zo) arbitrarily close to z and a unit 
vector a G E^{z) tangent to A at z with \dijJz{a,bz)\ > po, where bz is the parallel translate of b 
along the geodesic in W'^{zo) from z to z. 
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Proposition 9.1. For contact flows (j)t with Lipschitz local stable holonomy maps, the condition 
(ND) implies (LNIC). 

Since (ND) is always satisfied when dim(M) = 3 or A = M, we get the following. 

Corollary 9.2. For contact flows (pt with either dim(M) = 3 (and an arbitrary basic set A) or 
A = Af the condition (LNIC) is always satisfied on A. ■ 

To prove Lemma 9.1 we will make use of the following lemma which can be derived from the 
proof of Lemma 3.2 in [KB] (see also Lemma B.7 in [L2]). 

Lemma 9.3. ( [KBj ) Let (pt be a contact flow on M with a contact form oj and let A be a basic set 
for (j)t with Lipschitz local (un) stable holonomy maps. Then for every z € A and every 5 > there 
exists e e (0, eo) such that for any z G A fl W^{z), any x G W^{z) fl A and any y G W~{z) (lA we 
have |A(x, y) — du^iu, v)\ < 6 \\u\\ \\v\\ , where u G E'^(z) and v G E^{z) are such that exp"(n) = x 
and expl{v) = y. 

Fix an arbitrary constant 9q such that 

(9.1) '-S^^0»<'^ 

Proof of Lemma 9.1. Assume that A is a basic set for a contact flow (pt such that (ND) holds on 
A. Let zq G A, 1 > > € > and > be as in the statement of (ND) above. Fix a constant 
C > with \duJz{u,v)\ < C \\u\\ \\v\\ for all z G A and u,v E T^M. 

To check (LNIC), consider an arbitrary z G A n W^{zq), and let b G E'^{z) be an arbitrary 
tangent vector to A at z with ||6|| = 1. It follows from the condition (ND) that there exist 
z G A n iy^"(zo) arbitrarily close to z and a unit vector a G E^[z) tangent to A at z such that 

(9.2) \duj-,{a,bi)\>tio. 

Since a is tangent to A at 5, there exists w G E^{z; e) with an arbitrarily small \\w\\ G (0, 1) such 
that y = exp|(i(;) G A and 

(9.3) ||^/||^||_a|l<i|,. 

Fix w with (9.3) such that \\w\\ < min{e/2, 3^}, and set 5 = ^"^^"'^^ • 

Given any z G A n W^{z) close to z, there exists a unique w{z) G E^{z) such that iTy{z) = 

expl{w{z)). Clearly w{z) is a continuous function of z with w{z) = w. Take < e < min |e, igcfuJll J 
so small that the conclusion of Lemma 9.3 holds and moreover ||i(;(z)|l < e and ||w||/2 < ||t(;(z)|| < 
2||u;|| for all z e AnW^{z). 

We will now use parallel translation on the Riemann manifold W^^{zq). For any z G W^{z) 
let : E'^{z) — > E'^{z) be the parallel translation along the geodesic in WI^^{zq) from z to z. 
Then F^ is an isometry which is Lipschitz in z and F^ = id. Since the form dujz is in z and 
w{z) w as z ^ z, taking e > sufficiently small, for any z G W^{z) n A with d{z, z) < e we 
have 

(9.4) \duj:,{v,w{z)) - duj-z{T:,{v),w)\ <~6\\v\\ , z;G£;"(z;e). 

Moreover we can take e > so small that |[F2(62) — < 5 for any z G VF"(z)nA with d{z, z) < e. 

Let z; G A n W^"(z), d{z,z) < e, and let v G E'^{z) , be such that exp"(t;) G A, < e, and 
(v/llfll,^^) > 6*0. Setting v = Tz{v) and b = Tz{bz), we have \\v\\ = \\v\\, \\b\\ = 1, {v,b) = {v,bz) 
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and \\b-h\\ <S. Thus, {v/\\i\\,b) = {v/\\v\\,b) > Oq. Using Lemma 9.3, (9.4), (9.3) and 5 < ^ 
(which follows from the choice of 6) we now get 

|A(exp-(^;),7r^(z))| = |A(exp^(t;),exp^(i/;(z))| > \duj,{vMz))\ - ~5\\v\\\\w{z)\\ 

> \\w\ 



\(koz{v,a)\ - ^ Hull 



^ II II '"0 II II II I 

\\v\\ \\v\\ \\w\ 



\w\\ \(hj^{v, a)\-5 \\v\\ - Y \\v\\ \\w\ 



Next, {v/\\v\\,b) > 6*0 and (9.1) yield \\v/\\v\\ - b\\^ = 2 - 2{v/\\v\\,b) < 2(1 - ^o) < , so 
ll^/ll^ll ~ ^11 ^ aiid therefore — bz\\ <6 + Now the above, (9.2) and the choice of 

6 imply 



|A(exp^(i;),7r^(z))| > \\w\\\\v\\ \du^{bi,a)\ - C6 - 



1^0 



? II II fJ'O 

\\v\\ — — \\v\\ \\w\ 



^ 3/xo ^ II II ^^o 

> \\w\\ \\v\\ 2d \\v\\ \\v\\ \\w\\ 



2 

^0 \\w\\ 



-26] \\v\\ =d\\v\\ . 



This proves the lemma. 



10 Appendix A: Proofs of some technical lemmas 

Proof of Lemma 5.4. (a) Let u, u' G Ui for some i = 1, . . . ,k. Given v G U with a'^{v) = u, let 
C[i\ = C[io, . . . ,im\ be the cylinder of length m containing v (sec the beginning of Sect. 3). Since 
the sequence ^ =jio, • • • , im] is admissible, the Markov property implies im = i and a'^{C[i\) = Ui. 
Moreover, cr"* : C[i\ — > Ui is a homeomorphism, so there exists a unique v' = v'{v) G C[i] such 
that a^{v') = u'. By (2.1), d{ai {v) , {v' {y))) < d{u,u') for all j = 0, 1, . . . , m - 1 . This 

and (2.2) imply 



\ft\v)-ft\v')\<J^^^^d{u,u') < ^n^dM < 



j=0 



Co 7 



Co (7 - 1) 



Co (7 - 1) 



D(u, u) 



Also notice that if D{u,u') = diam(C') for some cylinder C = C[ijn,im+i, ■ ■ ■ jip], then 
V, v'{v) € C" = C[io, ii, . . . , ip] for some cylinder C" with o-"*(C") = C , so D{v, v'{v)) < diam(C") < 
^ diam(CO = . 

Using the above, diam(?7j) < 1, the definition of Ma, and the fact that Aia^ = 1 (hence 

T 

M"^! = 1), and assuming Aq > e'=o(T-i) y^^^ 
\{M^H){u) - {M^H){u')\ 



fir^Hv'iv)) rr(l 



Hiv'iv)) 



a"'-v=u 



< 



< 



f(a) 



e-^- {H{v) - H{v'{v))) 



E 



H{v'{v)) 



+ 



J2 eJ^^^""^ BH(v'(v))D{v.v'(v)) 



MfH{u') 



+ 



TBD{u,u' 



co7 



Co (7 - 1) 



D{u,u') < 



MfH{u') 

B T 

+ 



D[u, u) 
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(b) The proof of this part is very similar to the above and we omit it. ■ 



To prove Lemma 5.10 we need the foUowing lemma which coincides with Lemma 14 in |D2j 
and its proof is almost the same, so we omit it. 

Lemma 10.1. Ifh and H satisfy (5.14)-(5.15), then for any j = 1, . . . ,q, i = 1,2 and £ = 1, . . . , jo 

we have: 



1 ^ H{vf\u')) 
H{vP{u")) 



(a) - < ^ I, ^ " < 2 for all u', u" G Zj] 



(b) Either for all u G Zj we have \h{vf\u))\ < lH{vf\u)), or \h{vf\u))\ > lH{vl^\u)) for 



all u Zj. 



Proof of Lemma 5.10. Given j = 1, . . . ,q, let m = 1, ... ,p be such that Dj C Cm- By (5.5), 
5 = ei/\b\ E (0, 5'], so it follows from (5.3) that Cm C M^^J (Uq) for some £ = 1, . . . , jq. This means 

that there exist u,v G Cm such that d{u,v) > idiam(Cm) and \ \\" ~u^\Z^ , > Oi . Let 



j' ,j" = 1, . . . , g be such that u € Vj' and v G Pj". (Notice that we may have / = j or /' = j.) 
Then Dj' and "Dj" are ^^-separable in Cm- 

Fix £, j' and j" with the above properties, and set Z = ZjUZj/UZjn . If there exist t G {j, i', j"} 
and i = 1, 2 such that the first alternative in Lemma 10.1(b) holds for Zt, I and i, then < 1/4 

implies x^* '*('") ^ 1 foi" any u G Zf. 

Assume that for every t E and every i = 1, 2 the second alternative in Lemma 10.1(b) 

holds for Zt, £ and i, i.e. \h{vl^\u))\ > \ H{vf\u)) , u(^Z . 

Since ^{Z) = VjUVyUVjn C Cm, given u,u' eZ we have ct^""! (i;f ^(u)), (t;f ^(u')) G 

Cm- Notice that by Proposition 3.1, C = vf^ o wf\Cm) is a cylinder. Moreover, fj^"""^ is 
expanding on C , so by (2.1) and (5.6), diam(C') < '^^^^''-^^ < ^^^n\^ ^ ■ Thus, using the 
above assumption, (5.14), (5.15), (5.1) and the constant C2 from Lemma 5.9, and assuming e.g. 
\Hvf\u))\ > \h{vf\u'))\}, we get 

|/.(.f)(.)) - hivr\u'))\ ^ < di,^(co < £?i < 1 . 



min{|%f (u))|,|M^f (^0)1} \h{vi'\u'))\ 

Thus, the angle between the complex numbers h{vf^ {u)) and h{vf^ i'^')) (regarded as vectors in M^) 
is less than 7r/3. In particular, we can choose real continuous functions Oi{u), u & Z , i = 1,2, with 
values in [0, 7r/3] such that /i(t>f ^ (u)) = e''''^") |/i(uf ^ {u))\ for all ueZ. Using the above, 6* < 2 sin 6* 
for € [0,7r/3], and some elementary geometry yields \9i{u) — 9i{u')\ < 2 sin \6i{u) — 6i{u')\ < . 
Consider the function 

Vein) = Arg (^e^''^'^(^i''(")) h{vP (u))'^ - Arg (^e^^^^^^^'^^")) /i(vf (n))) . 

Notice that by the Remark before Lemma 5.9, the set {\'ye{u') — Jeiu")\ '- u' € Zj',u" € Zj//} is 
contained in an interval of length < 1/4. Given u' G Zji and u" G Zjn, since T>ji and 'Dju are 
contained in Cm and are ^^-separable in Cm, it follows from Lemma 5.9 and the above that 

|r,(n') - r,(n")| > Mn') - le{n")\ - |^i(n') - ei{u")\ - ^u') - e2{u")\ > ^ , 
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Thus, \Te{u') - Ti{u")\ > f ei for all u' G Zj> and u" G Zjn. Hence either |r^(n')| > f d for all 
u' G Zj' or |r£(u")| > for all u" G Zj//. Assuming for example that |r^(n)| > for all 
u G Zji, as in [D2j (see also [Stl] ) one shows that x^e^\f^) < 1 ^ 1 foi' all ^ -^j'- ■ 

Proo/ of Lemma 6.3. Set Ci = and choose €2 & (0,ei/(2Ci)] with (6.7) and < i. 

(a) Fix arbitrary zq G A and z G py^"(zo), and let u G E'^{z;ei) and p > 1 be such that 
ll/K?^)!! < £2. Set Zj = Piz), V, = fiiv) G E'%z,) and u;^ = dfiiO) ■ v G E^iz^). 
Then (6.7) implies 

(10.1) \\fj{v)\\ < — wuifUm = — \\fl^Hv)\\ <...< ii/r(^)ii 

f^Zk f^Zk A'zfc A'^fe + l • • • 

for all A; = 0, 1, ... ,p — 1. 

By (6.3), WMv) - dfM ■v\\<D \\v\\\ so wi = dfM ■ v = f,{v) + m for some m G ^«(zi) 
with IImi II < D |b IP. Hence 



(10.2) dpM ■ V = df,M o dfM ■ V = dflM ■ U\{v)) + dfM ■ ui . 

Using (6.3) again, ||/.,((/.(i;))) - dp,{0) ■ Uv)\\ < D \\Mv)\\^ , so d/,,(0) - {Uv)) = V2 + U2 for 
some U2 G E''{z2) with ||u2|| < D \\vi\\^. Now (10.2) gives W2 = V2 + U2 + df^^{0) ■ ui . 
In this way one proves by induction that for any k = 1, ... ,p we have 

(10.3) Wk = Vk + uk + df,^_^ (0) • Uk-i + dfl_^ (0) • Uk-2 + ■■■ + df^-\0) ■ ui , 

where uj G E'^{zj) and < D \\vj-i\\'^ for all j = 1, . . . , /c — 1. 

Next, (10.1) implies |[nj|| < Djl^jlp < — t-^ — 2 — ll/H^)!!^ • Combining the latter with 

(6.6) and (6.8) gives \\dB-\oyuj\\ < A,^. A,^.+, . . . A,^_, \\uj\\ < D^'' \\B{v)f for allj = 1, . . . ,p. 
It then follows by (10.3) with k = p that 

\\df!{0) ■ V - f!{v)\\ = \\wp - v,\\ < D \\mv)f Y.!"-' < Ci ||/r(^)f . 

According to the choice of €2, the latter implies 11^/2(0) • v|| < 2|[/|'(?j)||. 

To prove the second half of part (a), assume that ||d/f(0) • v\\ < €2- Then (6.6) implies 
\\dfz{0) ■ v\\ = \\df^~^{0) ■ WjW > ^2.+, . . . ^2j,_i IhjII , so 

(10.4) ||w;,-||< \\df!iO)-v\\ , 0<j<p-l. 

We will show by induction on k that Vk = fzi"^) well-defined and Vk G E^{zk',ei) for all 
A; = 0, 1, . . . ,p. It follows from (6.3) and (10.4) that 

\\wk+i - k{^k)\\ = \\dUiO) ■ Wk - fz,{wk)\\ < D \\wk\\^ < , , ^ — \\dfUO) ■ . 

This and (6.8) yield (showing in the meantime by induction that fz^^i'^k) £ E'^{zp] ei) for all k) 
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Hence \\wp - v^W < YllJo \\f^k+\ ^{wk+i) - ''{wk)\\ < D {{wpW^ T,l=ll^ < Ci {{wpW^ , pro- 
vided < Ci < The above also implies j|i;p|| < 2||tt;p||. 

The proofs of parts (b) and (c) are essentially repetitions of the proof of part (a) , so we omit 
the details. 

Part (d) follows easily from part (b). ■ 

11 Appendix B: Proof of Lemma 8.4 

We will use the notation from Sect. 8. Clearly, what enables us to use the arguments from Sects. 
6 and 7 is the pinching condition on the spectrum of d<pt over the bundle and also the 

invariance of E'^{y), [y,z]y and A^(e) under /~^. 
Set 

Af{e) = {7r^'\z):zeAnW:^{y)}cW^'\y) , A"'^ = ($,)-i(A^'\62)) . 
It is important properties to notice that /~^(Ay'^(e)) C A^lli^^^(e) and 

(11-1) f;H^'y'H^))<^Ay\y)ie). 

Notice that a set of the form Bp'^{y,e) is not necessarily a subset of A^(e), however it is 
contained in $~^(A^'^(e)). For < e < €2, y G A and p > 0, the set 

S«'i(y,e) = {^-\t:^/{z)) : z e Af^W^{y) , \\f^i<l>-\z))\\ < e} C A^/ie) 

does not coincide with Bp'^{y,e), however it follows from (8.1) that 

^diam(S;;'i(y,e)) < B;'\y,e) < 2CB^'\y,e) . 

So, it is enough to compare diameters of sets of the form Bp'^{y,e). 

Next, notice that 
(11.2) \\f^{v)\\<C\ yv€B;'\y,e). 

Given xq € A and x G W"'^(xo), set Ef{x) = Ta;(W"'^(xo)), and notice that df-^{0) ■ Ef{x) = 
Ef{f-\x)). 

Using the arguments in Sect. 6 (and the proof of Lemma 6.3 in Appendix A) one derives the 
following: 

Lemma 11.1 Choosing 62 € (0, ei/2] sufficiently small, for any xq G A and any x G We2^{xo) we 
have the following: 

(a) For every u G EV'(x;e2) there exists FJu) = lim (i/^_„. JO) ■ fx^{u) G £J"(x;2e2) . 

Moreover, there exists a constant Ci > such that \\Fx{u) — dfj-p^^-^{0) ■ fx^iu)\\ < Cij^WnW^ 
for any u G £^"(x, 62) and any integer p > 0. 

(b) The maps F^ : Ef{x;e2) — > F^iE^ {x; €2)) C £^f(x;2e2) are diffeomorphisms with 
uniformly bounded derivatives. 

(c) For any integer q > 1 we have dfx'^ifi) o Fx{v) = F^-q^x) ° fx'^{v) for any v G £^"(x; 62). 
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(d) For any G E'^{x;e2l2) there exist the limits L^c = lim df^_p, .(f^^(^))odf ^(0) and 

p— s-oo J 

Fx f{u) = lim d/? , \ifx^iO) ° fx^i"^) ■ Moreover, for the linear map f : EV'{x) — > E^{x) 
we have \\Lj.^(^\\ < 2, and Fx^^(u) = L^^^ o Fx{u). 

(e) For any t >0 and any u € Ef{x]e2) we have Fx{u) = \\m.t^oo d(j)t{4>-t{x)) ■ 4>x-t{u) and 
d(t)-t(.x) ■ Fx{u) = F^_^(^x){(i>x-t{u)) , where (j)x,t = (exp^^^^.^^! o 0j o exp^. ■ 

We omit the proof, since it is almost an one-to-one repetition of the proofs of Lemma 6.3 and 
Theorem 6.1. 

Set A"'^ = Fx{Ax'^{e2)) C Ef{x;2e2) for any x e A. Then, using (11.1) we get 
(11.3) d/-i(0)(A^'i(6))cA;L\(,)(6), 

and more generally (i(/>t(x)(A^'^(e)) C A^^"^^^^(e) for any t < and e G (0,62]. 

It follows from our assumption (LUPC) in Sect. 8 that the distribution £'*'(x)©£^°(x)©£'f (x) is 
integrable (see e.g. |Pesj ) . so assuming ei > is sufficiently small, there exist a family of invariant 
manifolds W^^{x), x G A, tangent to this distribution. 

Next, recall the local stable holonomy maps Hx ■ W^^ (x) n A — W^^ (y) n A (y G A n W^^ (x)) 
from Sect. 7. Unlike the case considered in Sects. 6 and 7, here there is no natural way to define 
a continuous ma]J^ from A^'^(e2) into Ay'^(ei). However, we have the following simple lemma 
which is enough to use the arguments from Sect. 7 in the present situation. 

Lemma 11.2. Assuming €2 G (0, ei/2] is sufficiently small, for every 5 G (0,62], there exists 
6' G (0, e] such that for any y G W^,{x) Pi A and any u G A"'^(e2) there exists v G Ay'"^(ei) with 
dist(ii,w) < 5, where dist is the distance on TM induced by the Riemann metric. 

Proof of Lemma 11.2. It is enough to deal with elements of A"'^(e2) = tTx'^{W^{x) n A) and 

Given x G A, let tTx '■ B{x,ei) n A — > W^^{x) be the projection along leaves of PF"'^. It is 
well-known (see e.g. |Pes| or |HPSj ) that tTx is uniformly (Holder) continuous, so given 5 > 0, 
there exists 5" > such that if z' G W^,'^{z) n A for some z G A, then d{'7Tx{z),7rx{z')) < 5. Now 
take 5' > so smaU that if y G W/,(x) n A, then d{z,'Hl{z)) < 5" for any z G W"^(x) n A. 

With this choice of 6', let y G W^, (x)nA. Given any x' G A"'^ (£2), we will show that there exists 
y' G Ay'-^(ei) with d{x',y') < 6. Indeed, there exists ^ G W^^{x) n A with x' = tTx'^{(,). Setting 
V = T~i^x{C) and y' = TTy'^{r]), we get r] G W^^{y) R A, so y' G Ay'^(ei). Moreover, d{^,r]) < 6", so 
d{x',y') = d{7r{0,7T{r])) <d. ■ 

For X G A and y G A n W^" (x) (with a global sufficiently small constant 62 > 0, as always), let 
TTx be the projection along VF"'^ leaves from W^2^{x) to Wei^{y). Initially, vrl is only defined on 
{tTx' (z) : z G AnW^^{x)}. Moreover, the maps TTx are (uniformly) (see Theorem 6.1 in (HPSj 
or |Pesj ). so taking €2 > sufficiently small and using Whitney's extension theorem, we can assume 
that TTx has a extension ttx : We2^{x) — > Wei^{y). Then, assuming that £3 > is sufficiently 
small and y G A n W^^{x), define the map fcx : E'^{x; €2) — > E^{y; ei) by tTx = i^y)^^ o vrl o ^x- 
We can assume that the constant C > is taken so large that ||vrx(it) — 7r^('f^)|| < C* ||u — v\\ for 
all u, V G £'"(x;e2) and all x,y as above. 

^"Notice that the map {^y)^^ oHx °'^x does not necessarily send A"'^(e2) into Ay'^(ei), since in general does 
not map W"'^ leaves into VF"'^ leaves. 
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In order to prove an analogue of Lemma 7.5 in the present situation we need the following 
which is the analogue of formula (6.10). 

Lemma 11.3. Let x € A, y G A n W^,^{x) and let rj = 7r|(0). Then for any u G Ef{x; 62) we have 
Fx{u) = dv:l{r}) o Ly^ri ■ [Fy{TTl{u)) - Fy{r])] . ■ 

The proof is essentially a repetition of the proof of formula (6.10) with small modifications, 
so we omit it. 

Next, given x G A, let rux > 1 be the minimal integer such that there exists e = e{x) < 63 with 
dim(span(A"'''"((5))) = m,^. for all < 6 < e. Then the linear subspacc E^^{x) = span(A"''^(5)) of 
Ef{x) is the same for all S G (0,e]. As in Sect. 7, nix is (/)riiivariant, and using the argument 
from the proof of Lemma 7.5 with minor modifications, we get the following. 

Lemma 11.4. There exists an integer m such that rUx = m for any x G A. Moreover, we 
can choose €3 > so that for any x £ A we have E^^{x) = span(A"'^(e3)) and there exists 
e = e{x) G (0,63] such that E^^{y) depends continuously on y € W^{x) fl A. ■ 

For z G A, e G {0,62] and an integer p > set Sp'^(z,e) = F^{Bp'^{z,e)) C A"'^(e) . 
As in the proof of Lemma 7.2, to prove part (a) of Lemma 8.4 we have to establish the 
following. 

Lemma 11.5. For any < 5 < e < ezjl there exist a constant D = D(x,6,e) > and an open 
neighbourhood Vq of x in W^^{x) n A such that i {^Bp{yp, e)^ < D£ (^Bp{yp, 5)^ for any y G Vq 
and any integer p > 0. 

Proof of Lemma 11.5. Choose e = e{x) G (0,63] so that E^^{y) depends continuously on y G 
W^{x) n A. For any y G W^{x) fl A choose and fix an orthonormal basis ei(y), e2(y), . . . ,em{y) in 
-^A'^(y) which depends continuously on y. 

Let < ^ < e < £3/(4(7^). By the definition of E^ (x) and Lemma 11.4, there exist 
ui,U2, • • • 1 Um G A"'^((^/(2C^)) which arc linearly independent. Set A = A(x, S) = Volm[ui,U2, . . . , 
, where [ui,U2, ■ ■ ■ , Um] denotes the parallelepiped in E^^{x) determined by the vectors ui, . . . , Um 
Using Lemma 11.2, choose an open neighbourhood Vb of x in W^{x) n A such that for any 
y G VF/(x) n A there exist ni(y), . . . ,u„,(y) G A'^'^S/C^) with Yo\m[ui{y),U2{y), . . .,Um{y)] > # 
and ■'^^ < ||Mj(y)|| < 2||ttj|| for all y G Vq, 1 < J < Fix such Uj{y) for any y G Vb and let 
Ly = L{x,y,6) : E^^(y) — > E^^{y) be the linear operator such that LyUj{y) = ej{y) for all 
j = 1, . . . ,m. It then follows that there exists a constant b = b(x, 6) > (determined by A and 
. . . , llumll) such that \\Ly\\ < b for all y G Vq. 

Fix for a moment y G Vq. Consider an arbitrary integer p > 1 and set z = f~^{y) G A. Given 
V G Bp'^{z,e), we have v = Fz{w) for some w G i?"'^(z,e), and it follows from Lemma 11.1(c) 
and (11.2) that Hd/KO) • v\\ = Hd/^O) • F,{w)\\ = \\Fy{fl{w))\\ < 2\\B{w)\\ < 2C\ < €3/2 . Now 
B^'\z,e) C A^'^(e) implies v G A^'^(e), so u = d/^O) • v G A^'^(2C2e) C E'l^^y). Consequently, 
" = Y.T=i CsUsjy) for some real numbers c^, so LyU = J2^=i(^sLy{us{y)) = YlT=i ^^sesiy) ■ Thus, 
V^'sLi ^"s = ll-^j/""!! ^ W^yW ll^ll ^ 2C^e6 , and so \cs\ < 2C^e6 for all s = 1, . . . , m. 

By (11.3), Vj = dfyP{0)-Uj{y) G A"'^((5). Moreover, we have vj G Bp{z, 5) for all j = 1, . . . , m. 
Indeed, Uj{y) = Fy{uj) for some Uj G Ay'^{S/C'^), so ^y{Uj) = T^y'^iVj) for some rjj G Ar\W^^^{y). 
Then for v'j = fy^{u'j) and (j = f'^iVj) € A n W^^^{z) we have v'.j = o f~P^y{u'j) G Af\6) , 
and therefore vj = dfy^{{)) ■ Fy{u'j) = F,{fy'^{u'j)) = F^iv'j) G A"'\5) . It follows from 7]j G 
I^«/^(y) that \\%\vj)\\ < so \\fl{^-HCM = \\%\Vj)\\ < S and therefore v'^ G B;^\z,6). 
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This gives Vj = F.iv'j) G B^'\z,S), so \\v\\ = ||d/-^(0) • = Y^ZiCsdJ^^iO) ■ u^iy) < 

m2C'^ebmaxi<s<m\\vs\\ < m2C^ebi{B^{z,6)). Hence i (^B^{z,e)^ < D £ (^B^{z,d)^ , where 
D = D{x,S,e) =m2C^eb. ■ 

As in Sect. 7, the proof of part (b) of Lemma 8.4 is essentially a repetition of the above 
argument, so we omit the details. ■ 
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